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Abstract: We study the relative entropy in QFT comparing the vacuum state to a
special family of purifications determined by an input state and constructed using relative
modular flow. We use this to prove a conjecture by Wall that relates the shape derivative
of relative entropy to a variational expression over the averaged null energy (ANE) of pos-
sible purifications. This variational expression can be used to easily prove the quantum
null energy condition (QNEC). We formulate Wall’s conjecture as a theorem pertaining
to operator algebras satisfying the properties of a half-sided modular inclusion, with the
additional assumption that the input state has finite averaged null energy. We also give
a new derivation of the strong superadditivity property of relative entropy in this con-
text. We speculate about possible connections to the recent methods used to strengthen
monotonicity of relative entropy with recovery maps.
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1 Introduction
The main goal of this paper is to present a mathematically rigorous proof of the quantum
null energy condition (QNEC) in the context of algebraic QFT. The QNEC is a local bound
on the expectation value of the null energy density [1]. In certain situations it can be related
to the positivity of the second derivative of relative entropy thought of as a function of
the shape of an entangling surface that cuts the generators of a killing horizon. This
convexity constraint is in turn related to the so called quantum focusing conjecture (QFC)
[2] who’s subject is the generalized area Agen/(4GN ) [3–5]. For the horizon cuts considered
here, and in a semi-classical limit, the generalized area reduces to −Srel+ constant. Since
entanglement entropy is not well defined in the continuum limit where we work [6], the
bound in terms of relative entropy will be our goal. We specialize here to relativistic QFT
in d-dimensional Minkowski space with d ≥ 2 and with cuts along a Rindler horizon.
Previous proofs [1, 7] used ideas that are hard to make mathematically rigorous in
general, such as path integrals and the replica trick. These path integral/replica methods [8]
are one of the more powerful tools that we have for uncovering properties of entanglement in
QFT [9] and in AdS/CFT [10]. However it is worth spelling out more rigorous approaches,
– 1 –
if they are available, since they can lead to their own insights. See [11–16] for some recent
progress along these lines. In this paper we will take inspiration from the previous QNEC
proof for interacting theories [7] as well as some ideas laid out by Wall [17]. In this way we
unify these two seemingly disparate approaches and “explain” the somewhat mysterious
correlators in [7] that were used to extract the QNEC.
The main lesson can be summed up as follows. The QNEC reduces to the ANEC in a
new state constructed from the original state with relative modular flow. The ANEC has
been proven now in various ways [18–22]. We start, in Section 2, by describing the relative
entropies of these new states which can be almost completely understood. The missing
ingredient being the averaged null energy (ANE) which the bulk of this paper is dedicated
to finding; we do so with two lemmas: Lemma 2 is proven in Section 4 and Lemma 3 is
proven in 5. The relative entropies satisfy an important constraint, Lemma 1, that is well
known but non-trivial to derive in the algebraic context - we do this in Section 6. Our main
mathematical tool will be the algebraic structure of half-sided modular inclusions [23–26],
the relative modular operators which we summarize in Appendix A, and some elementary
theorems on holomorphic functions (including holomorphic functions of two variables.) For
example these later theorems allow us to give a rigorous example of the saturation of a
(modular) chaos bound [27], a delicate phenomenon that occurs for an analagous CFT
four point function [28] expanded using the light cone OPE and continued to a Lorentzian
regime.
One new result that we would like to advertise is an expression for the shape variation
of the relative entropy, comparing some vector state ψ with the vacuum, and for null cuts
with some shape x+(y):
− 1
2pi
δSrel(ψ|Ω;x+(·))
δx+(y)
= inf
φ
〈φ| E+(y) |φ〉 = inf
s∈R
〈ψs| E+(y) |ψs〉 (1.1)
E+(y) ≡ 2pi
∫ ∞
−∞
dx+T++(x
+, y) (1.2)
where in the first expression φ = u′ψ for some unitary acting in the complement to the
entangling region. The second expression gives the explicit minimal value where ψs = u
′
sψ
is simply constructed with relative modular flow (more precisely with the Connes cocycle.)
These formulas assume the averaged null energy (ANE) for the input ψ is finite1. The
minimization is over the set of states that also have finite complementary relative entropy
and we will show that there is always at least one such state.
Our work was initiated as an attempt to apply some recent results in quantum in-
formation [29–32] that give useful strengthening of the monotonicity of relative entropy
inequalities. Since the ANEC is tightly linked to monotonicity and the QNEC seems like
a strengthening of the ANEC it is natural to guess that there is an interesting connection
here. More specifically the strengthened inequalities improve monotonicity using certain
recovered states that attempt to optimally invert a given quantum channel, which in the
case at hand is simply related to an inclusion of algebras. It is interesting to speculate
1Actually we only need that there is at least one state u′ψ with finite ANE.
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that there might be a relation between the universal recovered state in [31] and the various
purifications that we discuss in this paper. In particular they are both constructed with
modular flow. This might of course just be a coincidence and we would like to know if
there is more to it than this. In the discussion section we give some ideas about how this
connection might work.
2 The Ant’s Best Guess
We start in d-dimensional Minkowski space with null coordinates associated to a Rinlder
horizon v = 0:
ds2 = −dudv + dy2d−2 (2.1)
The Rindler wedge R is the right region {u > 0, v < 0} with the associated algebra of
operators AR. We now define a generalization of the Rinder wedge and the associated
algebra that we will collectively refer to as null cuts. Consider a null cut NC = {v = 0, u >
C(y))} where C(y) is a continuous function of the coordinates y along the entangling
surface. Define N ′C as the maximal open subset spacelike separated from NC and so forth
for N ′′C = (N
′
C)
′. Then N ′′C is an open space-time region for which we can associate a von
Neumann algebra. As a short hand we will label this as AC ≡ AN ′′C . This algebra can
heuristically be thought of as the double commutant of the local operators on NC [33]. In
this notation AR = A0.
The vacuum state Ω is cyclic and separating for all the algebra’s that we consider
here, a property which follows from the Reeh-Schlieder theorem [34]. Applying Tomita-
Takesaki theory we can define the associated modular operators in the usual way. For the
Rindler cut, the Bisognano-Wichmann theorem [35] shows that the modular operator ∆isΩ;R
is simply the boost that fixes the entangling surface u = v = 0. For other null cuts the
vacuum modular Hamiltonian’s have been the subject of recent investigation [5, 20, 36, 37].
The modular Hamiltonian is defined as KA ≡ − ln ∆Ω;A and the results of [37] showed that:
KA = 2pi
∫
v=0
(u−A(y))Tuu (2.2)
If we consider two null cuts then the modular Hamiltonian’s satisfy the following algebra:
[KA,KB] = 2pii(KA −KB) ≡ (2pi)2iP (2.3)
where P is a modular translation operator who’s action on the null lines of the Rindler
horizon is a translation by B(y)−A(y). Furthermore these operators can be related to the
averaged null energy (ANE):
P =
∫
v=0
(B(y)−A(y))Tuu (2.4)
If AB ⊂ AA then one has a situation that is referred to as a half sided modular inclusion
(HSMI) or translation [23–26, 38]. In this case P ≥ 0, since such an inclusion implies
that the difference in modular Hamiltonians is a positive semi-definite operator [6, 39].
Considering the relationship to the null energy, (2.4), this then proves the ANEC [20].
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We will mostly work in this context where we have algebras satisfying the properties
of a HSMI, and where we have in mind applications to QFT for null cuts. In particular a
HSMI is a well studied algebraic structure in which we need not make any mention of the
stress tensor Tuu. Note that the stress tensor is a local operator that is often not included in
the basic axioms of algebraic QFT. For a recent application of HSMI to black hole physics
see [40].
Some of the properties of HSMI are given in the following definition:
Definition 1 (Half-sided modular inclusion). An inclusion of von Neumann algebra’s
AB ⊂ AA is called a half-sided modular inclusion if there is a common cyclic and sep-
arating vector Ω ∈ H such that:
∆−isΩ;AAB∆isΩ;A ⊂ AB s ≥ 0 (2.5)
From this minimal starting assumption one can derive the following. Let P be the closure
of:
1
2pi
(ln ∆Ω;B − ln ∆Ω;A) (2.6)
Then P is a self-adjoint positive semi-definite operator. One can also derive the following
results [23–26, 38]:
(a) The modular translations Ub ≡ e−ibP act as:
U−bAAUb ≡ AAb
(
⊂ AAb2 , b ≥ b2
)
(2.7)
where AA1/2pi = AB and Ub leaves invariant the vacuum Ω. This new one parameter
“translated” family of algebra’s has Ω as a common cyclic and separating vector. The
translations apply for all real b and for the commutant’s which satisfy:
A′Ab ⊂ A′Ab2 b ≤ b2 (2.8)
(b) We can also“boost” these translated algebras:
∆−isΩ;AAAb∆isΩ;A = AAbe2pis (2.9)
and similarly for the commutant.
(c) The modular operators satisfy:
∆isΩ;AUb∆
−is
Ω;A = Ue−2pisb , JΩ;AUbJΩ;A = U−b (2.10)
∆isΩ;Ab1
∆−isΩ;Ab2 = U(b1−b2)(e−2pis−1)
furthermore Ub varies continuously in the strong operator topology (sot) and can be
analytically continued into the complex b plane where it is bounded by 1 and (sot)
continuous for Imb ≤ 0.
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This definition applies abstractly to von Neumann algebra’s and as already mentioned
one can work entirely from this point of view. At the same time, however, our notation
is uniform with the application to null cuts of a Rindler horizon. For example in this
later notation Ab = A + 2pib(B − A) where B(y) ≥ A(y). We will also sometimes use the
following notation:
C ≡ Ac Ca ≡ Ac+a (2.11)
where the C cut with b = c plays a distinguished role.
We now consider an excited state ψ which we take to be a vector in the QFT Hilbert
space. For now we will assume that this state has the following finite quantities:
Pψ = 〈ψ|P |ψ〉 <∞ , Srel(ψ|Ω;Ac) <∞ , Srel(ψ|Ω;A′c) <∞ (2.12)
for some c, and where Srel is the relative entropy discussed by Araki [41] and which is defined
for general states [42]. In particular we do not assume that ψ is cyclic and separating. This
definition uses the relative modular operator which is defined in general via the Tomita
operator S:
Sψ|Ω;Ab
(
α |ψ〉+ ∣∣χ′〉) = piAb(ψ)α† |Ω〉 ∀ α ∈ AAb , χ′ ∈ (1− piA′b(ψ))H (2.13)
In the above definition piAb(ψ) is the support projector, which is the smallest projector in
AAb satisfying piAb(ψ) |ψ〉 = |ψ〉. For a cyclic and separating vector both piAb,A′b(ψ) are the
unit operator. See Appendix A for further discussion of these. Note that (2.13) only really
defines Sψ|Ω;Ab for a dense set of states in H, however one can show that this operator is
closeable [43] and we will use the same symbol for its closure. The modular operator is
defined as:2
∆ψ|Ω;Ab = S
†
ψ|Ω;AbSψ|Ω;Ab (2.14)
with support pi′Ab(ψ). This then leads to Araki’s definition of relative entropy (where Ω is
cyclic and separating):
Srel(ψ|Ω;Ab) = −〈ψ| log ∆ψ|Ω |ψ〉 ≡ −
∫ ∞
0
log λd 〈ψ|Eλ(∆ψ|Ω) |ψ〉 (2.15)
where Eλ(∆) are the spectral projections of ∆. The relative entropy could be infinite if
this later integral diverges. Note that since |ψ〉 is in the domain of ∆1/2ψ|Ω the following
integral always converges: ∫ ∞
0
λd 〈ψ|Eλ(∆ψ|Ω) |ψ〉 <∞ (2.16)
which implies that any divergence in (2.15) comes from the lower end as λ→ 0.
One expression for relative entropy that we will find useful is due to Uhlmann [44]
Srel(ψ|Ω;Ab) = lim
θ→0+
1− 〈ψ|∆θψ|Ω |ψ〉
θ
(2.17)
2Our conventions are not standard. The state labels on the relative modular operators are switched.
We follow the conventions in [6] where the relative entropy and relative modular operators are labelled in
the same way. Our labelling on the Connes cocycle are standard.
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and this definition is equivalent to (2.15) since (1 − λθ)/θ is a decreasing (increasinng)
function of θ for all 0 < λ < 1 (1 < λ < ∞), so we can use the monotone convergence
theorem for the integral in the spectral representation [45].
Now consider the following functions:
S(b) ≡ Srel(ψ|Ω;Ab) S¯(b) ≡ Srel(ψ|Ω;A′b) (2.18)
Under the conditions specified in (2.12) for ψ one can show that S(b) (S¯(b)) is a continuous
monotonically decreasing (increasing) function for all b ∈ R. Monotonicity is a classic result
for relative entropy [42, 44, 46]. Continuity follows from the following relation:
Lemma 1. Under the assumptions of (2.12):
− (S(b2)− S(b1)) +
(
S¯(b2)− S¯(b1)
)
= (b2 − b1)2piPψ (2.19)
and this, combined with monotonicity, implies that S(b), S¯(b) are everywhere finite and
Lipschitz continuous.
The proof of this Lemma 1 is the subject of Section 6. In previous works this rela-
tionship was essentially taken to be an obvious consequence of the form of relative entropy
written in terms of the (half) modular energy and entanglement entropy [20, 47, 48]. These
arguments are based on assuming a tensor factorization and working with density matrices
(or a regularization consistent with this). For example in [20] equation (2.19) was used to
motivate the ANEC.3 So it might come as a surprise that we have to devote a whole section
to proving this. It turns out that this relation is simple to derive if one assumes that all
relative entropies in (2.19) are finite to begin with. We would like to not assume this, and
in fact we would like to use this equation as a tool to derive when some relative entropies
are finite given some other ones are finite. This is a non-trivial task but we managed to
get it to work with the assumptions in (2.12) in which case we learn that S¯(b2) is finite for
b2 > c and this finitness does not follow from monotonicity. It then follows that all relative
entropies are finite. These considerations are fundamentally important for proceeding to
compute the relative entropies of the various purifications that we discuss next.
For some of this discussion we will be interested in ψ restricted to AAc ≡ AC and
purifications thereof. Since ψ is a vector in the Hilbert space, this represents one such
purification. Any other purification can be constructed from ψ with the action of a unitary
from the commutant algebra A′C .
In the following discussion we will often drop the C label on the modular operators
for the AC algebra, since this is the most common algebra we write. Consider the Connes
cocycle, which is defined as:
us = (DΩ : Dψ)s = ∆
is
Ω∆
−is
Ω|ψ ∈ AC (2.20)
for real s, where ∆Ω ≡ ∆Ω|Ω. The fact that this is an operator in the algebra AC is a
non-trivial result of Tomita-Takesaki theory applied to an enlarged Hilbert space (by a few
3From the algebraic point of view P ≥ 0 follows more directly from properties of modular Hamiltonians
under inclusion [6].
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qudits) using the doubling trick that we review in Appendix A. We define powers of the
modular operator, for example ∆isΩ|ψ, on the subspace of the Hilbert space with non-zero
support for the operator: pi(ψ)H in this case. We also define such powers to annihilate the
kernel, (1 − pi(ψ))H. For example this means that lims→0 ∆isΩ|ψ = pi(ψ). An alternative
expression for the cocycle is:
∆isψ|Ω∆
−is
ψ = uspi
′(ψ) (2.21)
which requires the additional support projector in A′C and is sometimes less convenient,
however for us this will often not matter since we will take the cocycle to act on |ψ〉 where
we can drop the support projector.
Similarly we have a cocycle for the complement:
u′s = (DΩ : Dψ)
′
s = (∆
′
Ω)
is(∆′Ω|ψ)
−is ∈ A′C (2.22)
Note that u′s is in general not unitary. Instead it is a partial isometry satisfying:
(u′s)
†u′s = pi
′(ψ) u′s(u
′
s)
† = ∆−isΩ pi
′(ψ)∆isΩ (2.23)
The following states are interesting purifications of ψ restricted to AC :
|ψs〉 ≡ u′s |ψ〉 s ∈ R (2.24)
This state preserves all expectation values of operators in AC :
〈ψ| (u′s)†γu′s |ψ〉 = 〈ψ| γ(u′s)†u′s |ψ〉 = 〈ψ| γpi′(ψ) |ψ〉 = 〈ψ| γ |ψ〉 γ ∈ AC (2.25)
We would like to compute the relative entropy of this purification. This state also
preserves expectation values of operators in ACa ≡ AAc+a ⊂ AC for a > 0 so we conclude
that:
Srel(ψs|Ω;Ca) = Srel(ψ|Ω;Ca) a ≥ 0 (2.26)
since the relative entropy can be shown to be independent of the vector representation,
only depending on the linear functional that the state induces on operators [41]. Using the
relationship:
(∆′Ω|ψ)
−is = ∆isψ|Ω (2.27)
discussed in Appendix A, this purification can be written as:
|ψs〉 = u′s |ψ〉 = ∆−isΩ us |ψ〉 (2.28)
Such that:
〈ψs| γ′ |ψs〉 = 〈ψ|∆isΩγ′∆−isΩ |ψ〉 γ′ ∈ A′C (2.29)
Thus the complement relative entropy matches the complement relative entropy of the
state ∆−isΩ |ψ〉. We can compute the relative entropy by constructing the relative modular
operator for the cuts AC′a for a < 0. Using the algebra of half-sided modular inclusions
(2.7)-(2.9) we find:
S∆−isΩ;Cψ|Ω;C′a = ∆
−is
Ω;CSψ|Ω;C′
ae−2pis
∆isΩ;C (2.30)
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and where the support projectors satisfy:
piCa(∆
−is
Ω;Cψ) = ∆
−is
Ω;CpiCae−2pis (ψ)∆
is
Ω;C (2.31)
and similarly for the complement support projector. We can then construct the relative
modular operator and use this to compute the relative entropy. The answer is simply:
Srel(ψs|Ω;C ′a) = Srel(∆−isΩ ψ|Ω;C ′a) = Srel(ψ|Ω;C ′ae−2pis) a ≤ 0 (2.32)
Thus it is easy to compute the relative entropy for ACa ⊂ AC or A′Ca ⊂ A′C in terms of the
input relative entropy for ψ. This is because the state |ψs〉 is roughly a half sided boost
of |ψ〉, leaving one side invariant as above.4 The other cases, such as A′Ca for a ≥ 0 are
harder, since the cocycle acts simply as a half sided boost only on some of the operators
in this algebra but not all.
It turns out however that all we need to know to complete the full picture of relative
entropies is the averaged null energy of this purification. In fact all we need is the following
lemma:
Lemma 2. For a vector state ψ that has finite Pψ <∞ then:
Ps ≡ 〈ψs|P |ψs〉 = R+ e−2pis (Pψ −R) (2.33)
with 0 ≤ R ≤ Pψ independent of s, and where the state ψs was defined in (2.24).
We will delay the proof of this Lemma to Section 4, although we should stress that
we think that this is the most interesting part of this paper. The rough sketch of how this
goes is that we prove that Ps is an entire function of e
−2pis satisfying a growth condition
that fixes the answer as above. The growth in (2.33) as s → −∞ can be interpreted as
resulting from similar mathematics to the chaos bound discussed in [27]. For example in
Section 4 we consider a function:
g = 〈ψs| e−P |ψs〉 (2.34)
which we will show has a magnitude bounded by 1 for −1/4 ≤ Ims ≤ 1/4 and is analytic
in that strip. These are the same properties as the out of time order (OTO) four point
functions used to study the chaos/scrambling phenomenon [51]. In particular we find:
g ≈ 1− e−2pis(Pψ −R) + . . . (2.35)
where we are imagining sending s large and negative (but not too large). Generally one
might have expected 1− e−λLs where then the same arguments as in [27] would have fixed
4This should not be confused with the boosted states discussed in [49, 50]. These states are more singular
since they involve modular flow with only half the ψ-modular Hamiltonian. The Connes cocycle is one way
to deal with issues related to divergences that arise in that case, and some of the resulting physics is related
to that discussed in [49, 50]. In particular we expect the bulk description of these states, in the context
of AdS/CFT, to be the same for the part of the bulk spacetime that is (bulk) causally separated from the
boundary entangling surface.
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λL ≤ 2pi the maximal Lyapunov exponent. Here we prove that this bound is actually always
saturated and this arrises from a shift in the “spectral weight” (the discontinuity across
a certain branch cut) of g towards large s as one sends  → 0. This same phenomenon
happens in the light-cone limit of the (Rindler) thermal OTO correlator [28] and also in
CFTs with a holographic gravitational dual as one sends  = GN → 0 where in these cases
the “spectral weight” is governed by the double discontinuity defined in [52]. We think that
this is more than just a mathematical analogy since in holographic theories both effects
will be governed by some kind of gravitational time delay.
Now define the following function:
Ss(b) ≡ Srel(ψs|Ω;Bb) S¯s(b) ≡ Srel(ψs|Ω;B′b) (2.36)
Given Lemma 2 we can apply the results of Lemma 1 to the state |ψs〉 since we also know
that Ss(c) = S(c) <∞ and S¯s(c) = S¯(c) <∞ which means that Ss(b), S¯s(b) are finite and
continuous functions of b for all −∞ < b <∞.
For now let us simply use the fact that Ps is finite and not the explicit form in (2.33).
Applying the equation in Lemma 1
− (Ss(b)− Ss(c)) +
(
S¯s(b)− S¯s(c)
)
= (b− c)2piPs (2.37)
we can use this to construct the relative entropies everywhere:
Ss(b) =
{
S(b) b ≥ c
S
(
e−2pis(b− c) + c)+ 2pi(Pψe−2pis − Ps)(b− c) b ≤ c (2.38)
and for the complement:
S¯s(b) =
{
S¯(b) + 2pi(Ps − Pψ)(b− c) b ≥ c
S¯
(
e−2pis(b− c) + c) b ≤ c (2.39)
These functions are clearly still continuous. It is more convenient to track the derivative
of these functions. Since the input functions are monotonic their derivatives exists almost
everywhere. For now we will take c to be a point where the derivative of the input relative
entropies S(b), S¯(b) exist. Depending on the value of Ps the flowed state might then have
a discontinuity in the derivative at b = c, however we can still consider the half sided
derivatives ∂± taking limits from c± a as a→ 0. For example:
e2pis∂−Ss(c) = ∂S(c) + 2pi(Pψ − Pse2pis) ≤ 0 (2.40)
where the later inequality is simply monotonicity of the flowed relative entropy. For the
complement region we have:
∂+S¯s(c) = ∂S¯(c) + 2pi(Ps − Pψ) = ∂S(c) + 2piPs ≥ 0 (2.41)
where we used −∂S(c) + ∂S¯(c) = 2piPψ which follows from (2.19). We thus derive the
following bound by extremizing over s:
sup
s
2pi(Pψ − e2pisPs) ≤ −∂S(c) ≤ inf
s
2piPs (2.42)
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This is an interesting formula in itself, only relying on the finiteness of Ps. If we plug in
the form of Ps = R+ (Pψ −R)e−2pis given in Lemma 2 we find:
2piR ≤ −∂S(c) ≤ 2piR =⇒ 2piR = −∂S(c) . (2.43)
We thus have the following corollary to Lemma 2:
Corollary 1 (to Lemma 2). For ψ satisfying the assumptions in (2.12) the averaged null
energy of the flowed state can be written as:
2piPs ≡ 2pi 〈ψs|P |ψs〉 = −∂S(c) + e−2pis∂S¯(c) (2.44)
almost everywhere for c ∈ R. In particular the above equation holds when S(b) is differen-
tiable at b = c.
Proof. See above.
We can now give a more complete description of the relative entropies. The derivatives
satisfy:
∂Ss(b) =
{
∂S(b) b ≥ c
e−2pis∂S
(
e−2pis(b− c) + c)+ (1− e−2pis)∂S(c) b ≤ c (2.45)
almost everywhere in b and for S differentiable at c. And for the complement:
∂S¯s(b) =
{
∂S¯(b)− (1− e−2pis)∂S¯(c) b ≥ c
e−2pis∂S¯
(
e−2pis(b− c) + c) b ≤ c (2.46)
Note that the above resulting relative entropies are actually still differentiable at b = c as
a result of the form in Corollary 1. We give an example plot of the derivative of relative
entropy under modular flow in Figure 1
We will give a slightly more refined discussion of these relative entropy functions after
we prove the QNEC. For a preview, we will actually find that S(b) is a convex functions
which means that the one sided derivatives of these functions exist everywhere and this
allows us to constrain Ps for all c without the restriction of “almost everywhere”.
Another natural class of purifications that the ant might consider are associated to
states in the natural self-dual cone VΩ;C ⊂ H for Ω[53]. In general this cone is defined via
the closure of:
∆
1/4
Ω;CA+C |Ω〉 (2.47)
where A+C are the positive elements of that algebra. For a given ψ there is a unique
representative ψ̂ ∈ VΩ;C that gives the same expectation values of operators in AC but
generally differs by the action of a unitary from A′C . These states have the special property
that JΩ;C
∣∣ψ̂〉 = ∣∣ψ̂〉. They can be constructed using the “conjugation cocycles”:∣∣ψ̂〉 = (Θ′)† |ψ〉 (Θ′)† ≡ (Θ′ψ|Ω)† = JΩJψ|Ω ∈ A′C (2.48)
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<l ate xit sha 1_b ase 64=" Mnm SPR HpCM BOt e1V exC yy3e d2t Q=" >AA AB9H icb VBN S8N AEJ3 Ur1 q/q h69 LBbB U0l E0G PRi9 4q2 A9o Qtl st+3 S3S TuT gol 9Hd4 8aC IV3 +MN /+N2 zYH bX0 w8Hh vhp l5Y SKF Qdf9 dgp r6x ubW 8Xt0 s7u 3v5 B+f Coae JUM 95g sYx 1O6S GSx HxB gqUv J1o TlU oeS sc3c 781 phr I+L oESc JDx QdR KIv GEUr BZm vFb lXU+ Jzp N1y xa2 6c5B V4u WkA jnq 3fKX 34t Zqn iET FJjO p6b YJB RjY JJPi 35q eEJ ZSM6 4B1 LI6 q4C bL50 VNy ZpU e6c faVo Rkr v6e yKg yZqJ C26 koD s2yN xP/ 8zo p9q +DTE RJi jxi i0X 9VBK MyS wB0 hOa M5QT Syj Twt 5K2 JBqy tDm VLI heMs vr5 LmR dVz q97D ZaV 2k8 dRh BM4h XPw 4Ap qcA d1aA CDJ 3iG V3hz xs6 L8+ 58L FoLT j5z DH/ gfP 4AOm GRu w== </l atex it><l ate xit sha 1_b ase 64=" Mnm SPR HpCM BOt e1V exC yy3e d2t Q=" >AA AB9H icb VBN S8N AEJ3 Ur1 q/q h69 LBbB U0l E0G PRi9 4q2 A9o Qtl st+3 S3S TuT gol 9Hd4 8aC IV3 +MN /+N2 zYH bX0 w8Hh vhp l5Y SKF Qdf9 dgp r6x ubW 8Xt0 s7u 3v5 B+f Coae JUM 95g sYx 1O6S GSx HxB gqUv J1o TlU oeS sc3c 781 phr I+L oESc JDx QdR KIv GEUr BZm vFb lXU+ Jzp N1y xa2 6c5B V4u WkA jnq 3fKX 34t Zqn iET FJjO p6b YJB RjY JJPi 35q eEJ ZSM6 4B1 LI6 q4C bL50 VNy ZpU e6c faVo Rkr v6e yKg yZqJ C26 koD s2yN xP/ 8zo p9q +DTE RJi jxi i0X 9VBK MyS wB0 hOa M5QT Syj Twt 5K2 JBqy tDm VLI heMs vr5 LmR dVz q97D ZaV 2k8 dRh BM4h XPw 4Ap qcA d1aA CDJ 3iG V3hz xs6 L8+ 58L FoLT j5z DH/ gfP 4AOm GRu w== </l atex it><l ate xit sha 1_b ase 64=" Mnm SPR HpCM BOt e1V exC yy3e d2t Q=" >AA AB9H icb VBN S8N AEJ3 Ur1 q/q h69 LBbB U0l E0G PRi9 4q2 A9o Qtl st+3 S3S TuT gol 9Hd4 8aC IV3 +MN /+N2 zYH bX0 w8Hh vhp l5Y SKF Qdf9 dgp r6x ubW 8Xt0 s7u 3v5 B+f Coae JUM 95g sYx 1O6S GSx HxB gqUv J1o TlU oeS sc3c 781 phr I+L oESc JDx QdR KIv GEUr BZm vFb lXU+ Jzp N1y xa2 6c5B V4u WkA jnq 3fKX 34t Zqn iET FJjO p6b YJB RjY JJPi 35q eEJ ZSM6 4B1 LI6 q4C bL50 VNy ZpU e6c faVo Rkr v6e yKg yZqJ C26 koD s2yN xP/ 8zo p9q +DTE RJi jxi i0X 9VBK MyS wB0 hOa M5QT Syj Twt 5K2 JBqy tDm VLI heMs vr5 LmR dVz q97D ZaV 2k8 dRh BM4h XPw 4Ap qcA d1aA CDJ 3iG V3hz xs6 L8+ 58L FoLT j5z DH/ gfP 4AOm GRu w== </l atex it><l ate xit sha 1_b ase 64=" Mnm SPR HpCM BOt e1V exC yy3e d2t Q=" >AA AB9H icb VBN S8N AEJ3 Ur1 q/q h69 LBbB U0l E0G PRi9 4q2 A9o Qtl st+3 S3S TuT gol 9Hd4 8aC IV3 +MN /+N2 zYH bX0 w8Hh vhp l5Y SKF Qdf9 dgp r6x ubW 8Xt0 s7u 3v5 B+f Coae JUM 95g sYx 1O6S GSx HxB gqUv J1o TlU oeS sc3c 781 phr I+L oESc JDx QdR KIv GEUr BZm vFb lXU+ Jzp N1y xa2 6c5B V4u WkA jnq 3fKX 34t Zqn iET FJjO p6b YJB RjY JJPi 35q eEJ ZSM6 4B1 LI6 q4C bL50 VNy ZpU e6c faVo Rkr v6e yKg yZqJ C26 koD s2yN xP/ 8zo p9q +DTE RJi jxi i0X 9VBK MyS wB0 hOa M5QT Syj Twt 5K2 JBqy tDm VLI heMs vr5 LmR dVz q97D ZaV 2k8 dRh BM4h XPw 4Ap qcA d1aA CDJ 3iG V3hz xs6 L8+ 58L FoLT j5z DH/ gfP 4AOm GRu w== </l atex it>
TII
<latexi t sha1_base64 ="UGhkZ+KpIs3 zRfa6OGmpT5np aAs=">AAAB7Xi cbVDLSgNBEOz1 GeMr6tHLYBA8h V0R9Bj0Ym4R8o JkCbOT2WTMPJaZ WSEs+QcvHhTx6 v9482+cJHvQxI KGoqqb7q4o4cx Y3//21tY3Nre2 CzvF3b39g8PS0 XHLqFQT2iSKK9 2JsKGcSdq0zHL aSTTFIuK0HY3v Zn77iWrDlGzYS UJDgYeSxYxg66 RWo5/VatN+qex X/DnQKglyUoYc 9X7pqzdQJBVUW sKxMd3AT2yYYW 0Z4XRa7KWGJpi M8ZB2HZVYUBNm 82un6NwpAxQr7U paNFd/T2RYGDM RkesU2I7MsjcT //O6qY1vwozJJ LVUksWiOOXIKj R7HQ2YpsTyiSO YaOZuRWSENSbW BVR0IQTLL6+S1 mUl8CvBw1W5ep vHUYBTOIMLCOA aqnAPdWgCgUd4 hld485T34r17H 4vWNS+fOYE/8D 5/AFL9jvM=</l atexit><latexi t sha1_base64 ="UGhkZ+KpIs3 zRfa6OGmpT5np aAs=">AAAB7Xi cbVDLSgNBEOz1 GeMr6tHLYBA8h V0R9Bj0Ym4R8o JkCbOT2WTMPJaZ WSEs+QcvHhTx6 v9482+cJHvQxI KGoqqb7q4o4cx Y3//21tY3Nre2 CzvF3b39g8PS0 XHLqFQT2iSKK9 2JsKGcSdq0zHL aSTTFIuK0HY3v Zn77iWrDlGzYS UJDgYeSxYxg66 RWo5/VatN+qex X/DnQKglyUoYc 9X7pqzdQJBVUW sKxMd3AT2yYYW 0Z4XRa7KWGJpi M8ZB2HZVYUBNm 82un6NwpAxQr7U paNFd/T2RYGDM RkesU2I7MsjcT //O6qY1vwozJJ LVUksWiOOXIKj R7HQ2YpsTyiSO YaOZuRWSENSbW BVR0IQTLL6+S1 mUl8CvBw1W5ep vHUYBTOIMLCOA aqnAPdWgCgUd4 hld485T34r17H 4vWNS+fOYE/8D 5/AFL9jvM=</l atexit><latexi t sha1_base64 ="UGhkZ+KpIs3 zRfa6OGmpT5np aAs=">AAAB7Xi cbVDLSgNBEOz1 GeMr6tHLYBA8h V0R9Bj0Ym4R8o JkCbOT2WTMPJaZ WSEs+QcvHhTx6 v9482+cJHvQxI KGoqqb7q4o4cx Y3//21tY3Nre2 CzvF3b39g8PS0 XHLqFQT2iSKK9 2JsKGcSdq0zHL aSTTFIuK0HY3v Zn77iWrDlGzYS UJDgYeSxYxg66 RWo5/VatN+qex X/DnQKglyUoYc 9X7pqzdQJBVUW sKxMd3AT2yYYW 0Z4XRa7KWGJpi M8ZB2HZVYUBNm 82un6NwpAxQr7U paNFd/T2RYGDM RkesU2I7MsjcT //O6qY1vwozJJ LVUksWiOOXIKj R7HQ2YpsTyiSO YaOZuRWSENSbW BVR0IQTLL6+S1 mUl8CvBw1W5ep vHUYBTOIMLCOA aqnAPdWgCgUd4 hld485T34r17H 4vWNS+fOYE/8D 5/AFL9jvM=</l atexit><latexi t sha1_base64 ="UGhkZ+KpIs3 zRfa6OGmpT5np aAs=">AAAB7Xi cbVDLSgNBEOz1 GeMr6tHLYBA8h V0R9Bj0Ym4R8o JkCbOT2WTMPJaZ WSEs+QcvHhTx6 v9482+cJHvQxI KGoqqb7q4o4cx Y3//21tY3Nre2 CzvF3b39g8PS0 XHLqFQT2iSKK9 2JsKGcSdq0zHL aSTTFIuK0HY3v Zn77iWrDlGzYS UJDgYeSxYxg66 RWo5/VatN+qex X/DnQKglyUoYc 9X7pqzdQJBVUW sKxMd3AT2yYYW 0Z4XRa7KWGJpi M8ZB2HZVYUBNm 82un6NwpAxQr7U paNFd/T2RYGDM RkesU2I7MsjcT //O6qY1vwozJJ LVUksWiOOXIKj R7HQ2YpsTyiSO YaOZuRWSENSbW BVR0IQTLL6+S1 mUl8CvBw1W5ep vHUYBTOIMLCOA aqnAPdWgCgUd4 hld485T34r17H 4vWNS+fOYE/8D 5/AFL9jvM=</l atexit>
TIII
<latexit sha1_ base64="1OwnYtRu/jv5pRaRMO NfKaazyzs=">AAAB7nicbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPR i71V6Be0oWy2m3bpZhN2J0IJ/R FePCji1d/jzX/jts1BWx8MPN6b YWZekEhh0HW/ncLG5tb2TnG3tL d/cHhUPj5pmzjVjLdYLGPdDajh UijeQoGSdxPNaRRI3gkm93O/88S 1EbFq4jThfkRHSoSCUbRSpznI6 vX6bFCuuFV3AbJOvJxUIEdjUP7 qD2OWRlwhk9SYnucm6GdUo2CSz 0r91PCEsgkd8Z6likbc+Nni3Bm 5sMqQhLG2pZAs1N8TGY2MmUaB7 Ywojs2qNxf/83ophrd+JlSSIld suShMJcGYzH8nQ6E5Qzm1hDIt7 K2EjammDG1CJRuCt/ryOmlfVT2 36j1eV2p3eRxFOINzuAQPbqAGD9 CAFjCYwDO8wpuTOC/Ou/OxbC04 +cwp/IHz+QPomI9G</latexit><latexit sha1_ base64="1OwnYtRu/jv5pRaRMO NfKaazyzs=">AAAB7nicbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPR i71V6Be0oWy2m3bpZhN2J0IJ/R FePCji1d/jzX/jts1BWx8MPN6b YWZekEhh0HW/ncLG5tb2TnG3tL d/cHhUPj5pmzjVjLdYLGPdDajh UijeQoGSdxPNaRRI3gkm93O/88S 1EbFq4jThfkRHSoSCUbRSpznI6 vX6bFCuuFV3AbJOvJxUIEdjUP7 qD2OWRlwhk9SYnucm6GdUo2CSz 0r91PCEsgkd8Z6likbc+Nni3Bm 5sMqQhLG2pZAs1N8TGY2MmUaB7 Ywojs2qNxf/83ophrd+JlSSIld suShMJcGYzH8nQ6E5Qzm1hDIt7 K2EjammDG1CJRuCt/ryOmlfVT2 36j1eV2p3eRxFOINzuAQPbqAGD9 CAFjCYwDO8wpuTOC/Ou/OxbC04 +cwp/IHz+QPomI9G</latexit><latexit sha1_ base64="1OwnYtRu/jv5pRaRMO NfKaazyzs=">AAAB7nicbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPR i71V6Be0oWy2m3bpZhN2J0IJ/R FePCji1d/jzX/jts1BWx8MPN6b YWZekEhh0HW/ncLG5tb2TnG3tL d/cHhUPj5pmzjVjLdYLGPdDajh UijeQoGSdxPNaRRI3gkm93O/88S 1EbFq4jThfkRHSoSCUbRSpznI6 vX6bFCuuFV3AbJOvJxUIEdjUP7 qD2OWRlwhk9SYnucm6GdUo2CSz 0r91PCEsgkd8Z6likbc+Nni3Bm 5sMqQhLG2pZAs1N8TGY2MmUaB7 Ywojs2qNxf/83ophrd+JlSSIld suShMJcGYzH8nQ6E5Qzm1hDIt7 K2EjammDG1CJRuCt/ryOmlfVT2 36j1eV2p3eRxFOINzuAQPbqAGD9 CAFjCYwDO8wpuTOC/Ou/OxbC04 +cwp/IHz+QPomI9G</latexit><latexit sha1_ base64="1OwnYtRu/jv5pRaRMO NfKaazyzs=">AAAB7nicbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPR i71V6Be0oWy2m3bpZhN2J0IJ/R FePCji1d/jzX/jts1BWx8MPN6b YWZekEhh0HW/ncLG5tb2TnG3tL d/cHhUPj5pmzjVjLdYLGPdDajh UijeQoGSdxPNaRRI3gkm93O/88S 1EbFq4jThfkRHSoSCUbRSpznI6 vX6bFCuuFV3AbJOvJxUIEdjUP7 qD2OWRlwhk9SYnucm6GdUo2CSz 0r91PCEsgkd8Z6likbc+Nni3Bm 5sMqQhLG2pZAs1N8TGY2MmUaB7 Ywojs2qNxf/83ophrd+JlSSIld suShMJcGYzH8nQ6E5Qzm1hDIt7 K2EjammDG1CJRuCt/ryOmlfVT2 36j1eV2p3eRxFOINzuAQPbqAGD9 CAFjCYwDO8wpuTOC/Ou/OxbC04 +cwp/IHz+QPomI9G</latexit>
TIV
<latexi t sha1_base64 ="WaSiGG8DbRg nIPNkv7m9kTF3 XYo=">AAAB7Xi cbVBNS8NAEJ3U r1q/qh69LBbBU 0lE0GPRi94qtG mhDWWz3bRrN7th dyOU0P/gxYMiX v0/3vw3btoctP XBwOO9GWbmhQl n2rjut1NaW9/Y 3CpvV3Z29/YPq odHvpapIrRNJJ eqG2JNORO0bZj htJsoiuOQ0044 uc39zhNVmknRM tOEBjEeCRYxgo 2V/NYgu/dng2r NrbtzoFXiFaQG BZqD6ld/KEkaU 2EIx1r3PDcxQY aVYYTTWaWfapp gMsEj2rNU4Jjq IJtfO0NnVhmiSC pbwqC5+nsiw7H W0zi0nTE2Y73s 5eJ/Xi810XWQM ZGkhgqyWBSlHB mJ8tfRkClKDJ9 agoli9lZExlhh YmxAFRuCt/zyK vEv6p5b9x4ua4 2bIo4ynMApnIM HV9CAO2hCGwg8 wjO8wpsjnRfn3 flYtJacYuYY/s D5/AFmvo8A</l atexit><latexi t sha1_base64 ="WaSiGG8DbRg nIPNkv7m9kTF3 XYo=">AAAB7Xi cbVBNS8NAEJ3U r1q/qh69LBbBU 0lE0GPRi94qtG mhDWWz3bRrN7th dyOU0P/gxYMiX v0/3vw3btoctP XBwOO9GWbmhQl n2rjut1NaW9/Y 3CpvV3Z29/YPq odHvpapIrRNJJ eqG2JNORO0bZj htJsoiuOQ0044 uc39zhNVmknRM tOEBjEeCRYxgo 2V/NYgu/dng2r NrbtzoFXiFaQG BZqD6ld/KEkaU 2EIx1r3PDcxQY aVYYTTWaWfapp gMsEj2rNU4Jjq IJtfO0NnVhmiSC pbwqC5+nsiw7H W0zi0nTE2Y73s 5eJ/Xi810XWQM ZGkhgqyWBSlHB mJ8tfRkClKDJ9 agoli9lZExlhh YmxAFRuCt/zyK vEv6p5b9x4ua4 2bIo4ynMApnIM HV9CAO2hCGwg8 wjO8wpsjnRfn3 flYtJacYuYY/s D5/AFmvo8A</l atexit><latexi t sha1_base64 ="WaSiGG8DbRg nIPNkv7m9kTF3 XYo=">AAAB7Xi cbVBNS8NAEJ3U r1q/qh69LBbBU 0lE0GPRi94qtG mhDWWz3bRrN7th dyOU0P/gxYMiX v0/3vw3btoctP XBwOO9GWbmhQl n2rjut1NaW9/Y 3CpvV3Z29/YPq odHvpapIrRNJJ eqG2JNORO0bZj htJsoiuOQ0044 uc39zhNVmknRM tOEBjEeCRYxgo 2V/NYgu/dng2r NrbtzoFXiFaQG BZqD6ld/KEkaU 2EIx1r3PDcxQY aVYYTTWaWfapp gMsEj2rNU4Jjq IJtfO0NnVhmiSC pbwqC5+nsiw7H W0zi0nTE2Y73s 5eJ/Xi810XWQM ZGkhgqyWBSlHB mJ8tfRkClKDJ9 agoli9lZExlhh YmxAFRuCt/zyK vEv6p5b9x4ua4 2bIo4ynMApnIM HV9CAO2hCGwg8 wjO8wpsjnRfn3 flYtJacYuYY/s D5/AFmvo8A</l atexit><latexi t sha1_base64 ="WaSiGG8DbRg nIPNkv7m9kTF3 XYo=">AAAB7Xi cbVBNS8NAEJ3U r1q/qh69LBbBU 0lE0GPRi94qtG mhDWWz3bRrN7th dyOU0P/gxYMiX v0/3vw3btoctP XBwOO9GWbmhQl n2rjut1NaW9/Y 3CpvV3Z29/YPq odHvpapIrRNJJ eqG2JNORO0bZj htJsoiuOQ0044 uc39zhNVmknRM tOEBjEeCRYxgo 2V/NYgu/dng2r NrbtzoFXiFaQG BZqD6ld/KEkaU 2EIx1r3PDcxQY aVYYTTWaWfapp gMsEj2rNU4Jjq IJtfO0NnVhmiSC pbwqC5+nsiw7H W0zi0nTE2Y73s 5eJ/Xi810XWQM ZGkhgqyWBSlHB mJ8tfRkClKDJ9 agoli9lZExlhh YmxAFRuCt/zyK vEv6p5b9x4ua4 2bIo4ynMApnIM HV9CAO2hCGwg8 wjO8wpsjnRfn3 flYtJacYuYY/s D5/AFmvo8A</l atexit>
TI
<latexit sha1_ base64="uHyXclyXjRIGKtofyo apunxWvWU=">AAAB7HicbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPR i94qNG2hDWWznbRLN5uwuxFK6G /w4kERr/4gb/4bt20OWn0w8Hhv hpl5YSq4Nq775ZTW1jc2t8rblZ 3dvf2D6uFRWyeZYuizRCSqG1KN gkv0DTcCu6lCGocCO+Hkdu53HlF pnsiWmaYYxHQkecQZNVbyW4P8f jao1ty6uwD5S7yC1KBAc1D97A8 TlsUoDRNU657npibIqTKcCZxV+ pnGlLIJHWHPUklj1EG+OHZGzqw yJFGibElDFurPiZzGWk/j0HbG1 Iz1qjcX//N6mYmug5zLNDMo2XJ RlAliEjL/nAy5QmbE1BLKFLe3E jamijJj86nYELzVl/+S9kXdc+v ew2WtcVPEUYYTOIVz8OAKGnAHTf CBAYcneIFXRzrPzpvzvmwtOcXM MfyC8/ENvZ6OoA==</latexit><latexit sha1_ base64="uHyXclyXjRIGKtofyo apunxWvWU=">AAAB7HicbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPR i94qNG2hDWWznbRLN5uwuxFK6G /w4kERr/4gb/4bt20OWn0w8Hhv hpl5YSq4Nq775ZTW1jc2t8rblZ 3dvf2D6uFRWyeZYuizRCSqG1KN gkv0DTcCu6lCGocCO+Hkdu53HlF pnsiWmaYYxHQkecQZNVbyW4P8f jao1ty6uwD5S7yC1KBAc1D97A8 TlsUoDRNU657npibIqTKcCZxV+ pnGlLIJHWHPUklj1EG+OHZGzqw yJFGibElDFurPiZzGWk/j0HbG1 Iz1qjcX//N6mYmug5zLNDMo2XJ RlAliEjL/nAy5QmbE1BLKFLe3E jamijJj86nYELzVl/+S9kXdc+v ew2WtcVPEUYYTOIVz8OAKGnAHTf CBAYcneIFXRzrPzpvzvmwtOcXM MfyC8/ENvZ6OoA==</latexit><latexit sha1_ base64="uHyXclyXjRIGKtofyo apunxWvWU=">AAAB7HicbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPR i94qNG2hDWWznbRLN5uwuxFK6G /w4kERr/4gb/4bt20OWn0w8Hhv hpl5YSq4Nq775ZTW1jc2t8rblZ 3dvf2D6uFRWyeZYuizRCSqG1KN gkv0DTcCu6lCGocCO+Hkdu53HlF pnsiWmaYYxHQkecQZNVbyW4P8f jao1ty6uwD5S7yC1KBAc1D97A8 TlsUoDRNU657npibIqTKcCZxV+ pnGlLIJHWHPUklj1EG+OHZGzqw yJFGibElDFurPiZzGWk/j0HbG1 Iz1qjcX//N6mYmug5zLNDMo2XJ RlAliEjL/nAy5QmbE1BLKFLe3E jamijJj86nYELzVl/+S9kXdc+v ew2WtcVPEUYYTOIVz8OAKGnAHTf CBAYcneIFXRzrPzpvzvmwtOcXM MfyC8/ENvZ6OoA==</latexit><latexit sha1_ base64="uHyXclyXjRIGKtofyo apunxWvWU=">AAAB7HicbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPR i94qNG2hDWWznbRLN5uwuxFK6G /w4kERr/4gb/4bt20OWn0w8Hhv hpl5YSq4Nq775ZTW1jc2t8rblZ 3dvf2D6uFRWyeZYuizRCSqG1KN gkv0DTcCu6lCGocCO+Hkdu53HlF pnsiWmaYYxHQkecQZNVbyW4P8f jao1ty6uwD5S7yC1KBAc1D97A8 TlsUoDRNU657npibIqTKcCZxV+ pnGlLIJHWHPUklj1EG+OHZGzqw yJFGibElDFurPiZzGWk/j0HbG1 Iz1qjcX//N6mYmug5zLNDMo2XJ RlAliEjL/nAy5QmbE1BLKFLe3E jamijJj86nYELzVl/+S9kXdc+v ew2WtcVPEUYYTOIVz8OAKGnAHTf CBAYcneIFXRzrPzpvzvmwtOcXM MfyC8/ENvZ6OoA==</latexit>
Ims
<latexit sha1_ base64="E5eEfg0KwH0JH/LfEb/ TKQuZFUk=">AAAB8XicbVA9SwN BEJ2LXzF+RS1tFoNgFe5E0DJoo1 0EE4PJEfY2m2TJ7t6xOyeEI//Cx kIRW/+Nnf/GTXKFJj4YeLw3w8y 8KJHCou9/e4WV1bX1jeJmaWt7Z3 evvH/QtHFqGG+wWMamFVHLpdC8g QIlbyWGUxVJ/hCNrqf+wxM3VsT 6HscJDxUdaNEXjKKTHrOOUeRWTY jtlit+1Z+BLJMgJxXIUe+Wvzq9m KWKa2SSWtsO/ATDjBoUTPJJqZNa nlA2ogPedlRTxW2YzS6ekBOn9E g/Nq40kpn6eyKjytqxilynoji0i 95U/M9rp9i/DDOhkxS5ZvNF/VQS jMn0fdIThjOUY0coM8LdStiQGs rQhVRyIQSLLy+T5lk18KvB3Xmld pXHUYQjOIZTCOACanADdWgAAw3P 8ApvnvVevHfvY95a8PKZQ/gD7/ MHBoKQeg==</latexit><latexit sha1_ base64="E5eEfg0KwH0JH/LfEb/ TKQuZFUk=">AAAB8XicbVA9SwN BEJ2LXzF+RS1tFoNgFe5E0DJoo1 0EE4PJEfY2m2TJ7t6xOyeEI//Cx kIRW/+Nnf/GTXKFJj4YeLw3w8y 8KJHCou9/e4WV1bX1jeJmaWt7Z3 evvH/QtHFqGG+wWMamFVHLpdC8g QIlbyWGUxVJ/hCNrqf+wxM3VsT 6HscJDxUdaNEXjKKTHrOOUeRWTY jtlit+1Z+BLJMgJxXIUe+Wvzq9m KWKa2SSWtsO/ATDjBoUTPJJqZNa nlA2ogPedlRTxW2YzS6ekBOn9E g/Nq40kpn6eyKjytqxilynoji0i 95U/M9rp9i/DDOhkxS5ZvNF/VQS jMn0fdIThjOUY0coM8LdStiQGs rQhVRyIQSLLy+T5lk18KvB3Xmld pXHUYQjOIZTCOACanADdWgAAw3P 8ApvnvVevHfvY95a8PKZQ/gD7/ MHBoKQeg==</latexit><latexit sha1_ base64="E5eEfg0KwH0JH/LfEb/ TKQuZFUk=">AAAB8XicbVA9SwN BEJ2LXzF+RS1tFoNgFe5E0DJoo1 0EE4PJEfY2m2TJ7t6xOyeEI//Cx kIRW/+Nnf/GTXKFJj4YeLw3w8y 8KJHCou9/e4WV1bX1jeJmaWt7Z3 evvH/QtHFqGG+wWMamFVHLpdC8g QIlbyWGUxVJ/hCNrqf+wxM3VsT 6HscJDxUdaNEXjKKTHrOOUeRWTY jtlit+1Z+BLJMgJxXIUe+Wvzq9m KWKa2SSWtsO/ATDjBoUTPJJqZNa nlA2ogPedlRTxW2YzS6ekBOn9E g/Nq40kpn6eyKjytqxilynoji0i 95U/M9rp9i/DDOhkxS5ZvNF/VQS jMn0fdIThjOUY0coM8LdStiQGs rQhVRyIQSLLy+T5lk18KvB3Xmld pXHUYQjOIZTCOACanADdWgAAw3P 8ApvnvVevHfvY95a8PKZQ/gD7/ MHBoKQeg==</latexit><latexit sha1_ base64="E5eEfg0KwH0JH/LfEb/ TKQuZFUk=">AAAB8XicbVA9SwN BEJ2LXzF+RS1tFoNgFe5E0DJoo1 0EE4PJEfY2m2TJ7t6xOyeEI//Cx kIRW/+Nnf/GTXKFJj4YeLw3w8y 8KJHCou9/e4WV1bX1jeJmaWt7Z3 evvH/QtHFqGG+wWMamFVHLpdC8g QIlbyWGUxVJ/hCNrqf+wxM3VsT 6HscJDxUdaNEXjKKTHrOOUeRWTY jtlit+1Z+BLJMgJxXIUe+Wvzq9m KWKa2SSWtsO/ATDjBoUTPJJqZNa nlA2ogPedlRTxW2YzS6ekBOn9E g/Nq40kpn6eyKjytqxilynoji0i 95U/M9rp9i/DDOhkxS5ZvNF/VQS jMn0fdIThjOUY0coM8LdStiQGs rQhVRyIQSLLy+T5lk18KvB3Xmld pXHUYQjOIZTCOACanADdWgAAw3P 8ApvnvVevHfvY95a8PKZQ/gD7/ MHBoKQeg==</latexit>
b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZ pqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMT OZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZ pqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMT OZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZ pqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMT OZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZ pqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMT OZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>
c
<latexit sha1_base64="MK9TkR1Xf IASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMei F48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG 9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdo LJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYT SMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6e yGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMc XsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM /wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1Xf IASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMei F48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG 9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdo LJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYT SMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6e yGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMc XsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM /wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1Xf IASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMei F48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG 9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdo LJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYT SMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6e yGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMc XsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM /wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1Xf IASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMei F48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG 9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdo LJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYT SMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6e yGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMc XsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM /wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>
 @Ss(b)
<latexit sha1_base64="tCJYb1G32KSKw5eq 5A+G+Grk9gw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahLiyJCLosunFZ0T6gDWEynbRDJ5MwM1 FK7ae4caGIW7/EnX/jpM1CWw9cOJxz78y9J0g4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJaFNEv NYdgKsKGeCNjXTnHYSSXEUcNoORteZ336gUrFY3OtxQr0IDwQLGcHaSL5dPkW9BEvNMEd3vqoGJ7 5dcWrODGiZuDmpQI6Gb3/1+jFJIyo04Viprusk2ptkjxJOp6VeqmiCyQgPaNdQgSOqvMls9Sk6Nk ofhbE0JTSaqb8nJjhSahwFpjPCeqgWvUz8z+umOrz0JkwkqaaCzD8KU450jLIcUJ9JSjQfG4KJZG ZXRIZYYqJNWiUTgrt48jJpndVcp+benlfqV3kcRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx7 y1YOUzB/AH1ucPkE6S4w==</latexit><latexit sha1_base64="tCJYb1G32KSKw5eq 5A+G+Grk9gw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahLiyJCLosunFZ0T6gDWEynbRDJ5MwM1 FK7ae4caGIW7/EnX/jpM1CWw9cOJxz78y9J0g4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJaFNEv NYdgKsKGeCNjXTnHYSSXEUcNoORteZ336gUrFY3OtxQr0IDwQLGcHaSL5dPkW9BEvNMEd3vqoGJ7 5dcWrODGiZuDmpQI6Gb3/1+jFJIyo04Viprusk2ptkjxJOp6VeqmiCyQgPaNdQgSOqvMls9Sk6Nk ofhbE0JTSaqb8nJjhSahwFpjPCeqgWvUz8z+umOrz0JkwkqaaCzD8KU450jLIcUJ9JSjQfG4KJZG ZXRIZYYqJNWiUTgrt48jJpndVcp+benlfqV3kcRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx7 y1YOUzB/AH1ucPkE6S4w==</latexit><latexit sha1_base64="tCJYb1G32KSKw5eq 5A+G+Grk9gw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahLiyJCLosunFZ0T6gDWEynbRDJ5MwM1 FK7ae4caGIW7/EnX/jpM1CWw9cOJxz78y9J0g4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJaFNEv NYdgKsKGeCNjXTnHYSSXEUcNoORteZ336gUrFY3OtxQr0IDwQLGcHaSL5dPkW9BEvNMEd3vqoGJ7 5dcWrODGiZuDmpQI6Gb3/1+jFJIyo04Viprusk2ptkjxJOp6VeqmiCyQgPaNdQgSOqvMls9Sk6Nk ofhbE0JTSaqb8nJjhSahwFpjPCeqgWvUz8z+umOrz0JkwkqaaCzD8KU450jLIcUJ9JSjQfG4KJZG ZXRIZYYqJNWiUTgrt48jJpndVcp+benlfqV3kcRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx7 y1YOUzB/AH1ucPkE6S4w==</latexit><latexit sha1_base64="tCJYb1G32KSKw5eq 5A+G+Grk9gw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahLiyJCLosunFZ0T6gDWEynbRDJ5MwM1 FK7ae4caGIW7/EnX/jpM1CWw9cOJxz78y9J0g4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJaFNEv NYdgKsKGeCNjXTnHYSSXEUcNoORteZ336gUrFY3OtxQr0IDwQLGcHaSL5dPkW9BEvNMEd3vqoGJ7 5dcWrODGiZuDmpQI6Gb3/1+jFJIyo04Viprusk2ptkjxJOp6VeqmiCyQgPaNdQgSOqvMls9Sk6Nk ofhbE0JTSaqb8nJjhSahwFpjPCeqgWvUz8z+umOrz0JkwkqaaCzD8KU450jLIcUJ9JSjQfG4KJZG ZXRIZYYqJNWiUTgrt48jJpndVcp+benlfqV3kcRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx7 y1YOUzB/AH1ucPkE6S4w==</latexit>
@S¯s(b)
<latexit sha1_base64="l2AbO9xthFrfm9Czuaw +z5N8jeI=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIdVMSEXRZdOOyon1AE8JkOmmHTiZhZiKUUPBX3 LhQxK3f4c6/cdJmoa0HLhzOuXfm3hMknClt299WaWV1bX2jvFnZ2t7Z3avuH3RUnEpC2yTmsewFWFHOBG 1rpjntJZLiKOC0G4xvcr/7SKVisXjQk4R6ER4KFjKCtZH86pGbYKkZ5sgNsMzup76qB2d+tWY37BnQMn EKUoMCLb/65Q5ikkZUaMKxUn3HTrSX5U8TTqcVN1U0wWSMh7RvqMARVV42W3+KTo0yQGEsTQmNZurviQ xHSk2iwHRGWI/UopeL/3n9VIdXXsZEkmoqyPyjMOVIxyjPAg2YpETziSGYSGZ2RWSEJSbaJFYxITiLJy+ TznnDsRvO3UWteV3EUYZjOIE6OHAJTbiFFrSBQAbP8Apv1pP1Yr1bH/PWklXMHMIfWJ8/rLqVRw==</l atexit><latexit sha1_base64="l2AbO9xthFrfm9Czuaw +z5N8jeI=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIdVMSEXRZdOOyon1AE8JkOmmHTiZhZiKUUPBX3 LhQxK3f4c6/cdJmoa0HLhzOuXfm3hMknClt299WaWV1bX2jvFnZ2t7Z3avuH3RUnEpC2yTmsewFWFHOBG 1rpjntJZLiKOC0G4xvcr/7SKVisXjQk4R6ER4KFjKCtZH86pGbYKkZ5sgNsMzup76qB2d+tWY37BnQMn EKUoMCLb/65Q5ikkZUaMKxUn3HTrSX5U8TTqcVN1U0wWSMh7RvqMARVV42W3+KTo0yQGEsTQmNZurviQ xHSk2iwHRGWI/UopeL/3n9VIdXXsZEkmoqyPyjMOVIxyjPAg2YpETziSGYSGZ2RWSEJSbaJFYxITiLJy+ TznnDsRvO3UWteV3EUYZjOIE6OHAJTbiFFrSBQAbP8Apv1pP1Yr1bH/PWklXMHMIfWJ8/rLqVRw==</l atexit><latexit sha1_base64="l2AbO9xthFrfm9Czuaw +z5N8jeI=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIdVMSEXRZdOOyon1AE8JkOmmHTiZhZiKUUPBX3 LhQxK3f4c6/cdJmoa0HLhzOuXfm3hMknClt299WaWV1bX2jvFnZ2t7Z3avuH3RUnEpC2yTmsewFWFHOBG 1rpjntJZLiKOC0G4xvcr/7SKVisXjQk4R6ER4KFjKCtZH86pGbYKkZ5sgNsMzup76qB2d+tWY37BnQMn EKUoMCLb/65Q5ikkZUaMKxUn3HTrSX5U8TTqcVN1U0wWSMh7RvqMARVV42W3+KTo0yQGEsTQmNZurviQ xHSk2iwHRGWI/UopeL/3n9VIdXXsZEkmoqyPyjMOVIxyjPAg2YpETziSGYSGZ2RWSEJSbaJFYxITiLJy+ TznnDsRvO3UWteV3EUYZjOIE6OHAJTbiFFrSBQAbP8Apv1pP1Yr1bH/PWklXMHMIfWJ8/rLqVRw==</l atexit><latexit sha1_base64="l2AbO9xthFrfm9Czuaw +z5N8jeI=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIdVMSEXRZdOOyon1AE8JkOmmHTiZhZiKUUPBX3 LhQxK3f4c6/cdJmoa0HLhzOuXfm3hMknClt299WaWV1bX2jvFnZ2t7Z3avuH3RUnEpC2yTmsewFWFHOBG 1rpjntJZLiKOC0G4xvcr/7SKVisXjQk4R6ER4KFjKCtZH86pGbYKkZ5sgNsMzup76qB2d+tWY37BnQMn EKUoMCLb/65Q5ikkZUaMKxUn3HTrSX5U8TTqcVN1U0wWSMh7RvqMARVV42W3+KTo0yQGEsTQmNZurviQ xHSk2iwHRGWI/UopeL/3n9VIdXXsZEkmoqyPyjMOVIxyjPAg2YpETziSGYSGZ2RWSEJSbaJFYxITiLJy+ TznnDsRvO3UWteV3EUYZjOIE6OHAJTbiFFrSBQAbP8Apv1pP1Yr1bH/PWklXMHMIfWJ8/rLqVRw==</l atexit>
b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZ pqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMT OZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZ pqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMT OZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZ pqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMT OZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZ pqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMT OZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>
c
<latexit sha1_base64="MK9TkR1Xf IASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMei F48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG 9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdo LJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYT SMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6e yGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMc XsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM /wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1Xf IASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMei F48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG 9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdo LJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYT SMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6e yGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMc XsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM /wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1Xf IASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMei F48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG 9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdo LJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYT SMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6e yGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMc XsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM /wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1Xf IASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMei F48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG 9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdo LJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYT SMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6e yGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMc XsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM /wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>
Im⌘
<latexit sha1_base64="MnmS PRHpCMBOte1VexCyy3ed2tQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi94q2A9oQtlst+3S3STuTgol9Hd48aCIV3+MN/ +N2zYHbX0w8Hhvhpl5YSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoae JUM95gsYx1O6SGSxHxBgqUvJ1oTlUoeSsc3c781phrI+LoEScJD xQdRKIvGEUrBZmvFblXU+JzpN1yxa26c5BV4uWkAjnq3fKX34tZq niETFJjOp6bYJBRjYJJPi35qeEJZSM64B1LI6q4CbL50VNyZpUe6 cfaVoRkrv6eyKgyZqJC26koDs2yNxP/8zop9q+DTERJijxii0X9V BKMySwB0hOaM5QTSyjTwt5K2JBqytDmVLIheMsvr5LmRdVzq97D ZaV2k8dRhBM4hXPw4ApqcAd1aACDJ3iGV3hzxs6L8+58LFoLTj5z DH/gfP4AOmGRuw==</latexit><latexit sha1_base64="MnmS PRHpCMBOte1VexCyy3ed2tQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi94q2A9oQtlst+3S3STuTgol9Hd48aCIV3+MN/ +N2zYHbX0w8Hhvhpl5YSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoae JUM95gsYx1O6SGSxHxBgqUvJ1oTlUoeSsc3c781phrI+LoEScJD xQdRKIvGEUrBZmvFblXU+JzpN1yxa26c5BV4uWkAjnq3fKX34tZq niETFJjOp6bYJBRjYJJPi35qeEJZSM64B1LI6q4CbL50VNyZpUe6 cfaVoRkrv6eyKgyZqJC26koDs2yNxP/8zop9q+DTERJijxii0X9V BKMySwB0hOaM5QTSyjTwt5K2JBqytDmVLIheMsvr5LmRdVzq97D ZaV2k8dRhBM4hXPw4ApqcAd1aACDJ3iGV3hzxs6L8+58LFoLTj5z DH/gfP4AOmGRuw==</latexit><latexit sha1_base64="MnmS PRHpCMBOte1VexCyy3ed2tQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi94q2A9oQtlst+3S3STuTgol9Hd48aCIV3+MN/ +N2zYHbX0w8Hhvhpl5YSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoae JUM95gsYx1O6SGSxHxBgqUvJ1oTlUoeSsc3c781phrI+LoEScJD xQdRKIvGEUrBZmvFblXU+JzpN1yxa26c5BV4uWkAjnq3fKX34tZq niETFJjOp6bYJBRjYJJPi35qeEJZSM64B1LI6q4CbL50VNyZpUe6 cfaVoRkrv6eyKgyZqJC26koDs2yNxP/8zop9q+DTERJijxii0X9V BKMySwB0hOaM5QTSyjTwt5K2JBqytDmVLIheMsvr5LmRdVzq97D ZaV2k8dRhBM4hXPw4ApqcAd1aACDJ3iGV3hzxs6L8+58LFoLTj5z DH/gfP4AOmGRuw==</latexit><latexit sha1_base64="MnmS PRHpCMBOte1VexCyy3ed2tQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi94q2A9oQtlst+3S3STuTgol9Hd48aCIV3+MN/ +N2zYHbX0w8Hhvhpl5YSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoae JUM95gsYx1O6SGSxHxBgqUvJ1oTlUoeSsc3c781phrI+LoEScJD xQdRKIvGEUrBZmvFblXU+JzpN1yxa26c5BV4uWkAjnq3fKX34tZq niETFJjOp6bYJBRjYJJPi35qeEJZSM64B1LI6q4CbL50VNyZpUe6 cfaVoRkrv6eyKgyZqJC26koDs2yNxP/8zop9q+DTERJijxii0X9V BKMySwB0hOaM5QTSyjTwt5K2JBqytDmVLIheMsvr5LmRdVzq97D ZaV2k8dRhBM4hXPw4ApqcAd1aACDJ3iGV3hzxs6L8+58LFoLTj5z DH/gfP4AOmGRuw==</latexit>
TII
<latexit sha1_base64="UGhk Z+KpIs3zRfa6OGmpT5npaAs=">AAAB7XicbVDLSgNBEOz1GeMr6t HLYBA8hV0R9Bj0Ym4R8oJkCbOT2WTMPJaZWSEs+QcvHhTx6v9482 +cJHvQxIKGoqqb7q4o4cxY3//21tY3Nre2CzvF3b39g8PS0XHLqF QT2iSKK92JsKGcSdq0zHLaSTTFIuK0HY3vZn77iWrDlGzYSUJDg YeSxYxg66RWo5/VatN+qexX/DnQKglyUoYc9X7pqzdQJBVUWsKxM d3AT2yYYW0Z4XRa7KWGJpiM8ZB2HZVYUBNm82un6NwpAxQr7UpaN Fd/T2RYGDMRkesU2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7H Q2YpsTyiSOYaOZuRWSENSbWBVR0IQTLL6+S1mUl8CvBw1W5epvH UYBTOIMLCOAaqnAPdWgCgUd4hld485T34r17H4vWNS+fOYE/8D5/ AFL9jvM=</latexit><latexit sha1_base64="UGhk Z+KpIs3zRfa6OGmpT5npaAs=">AAAB7XicbVDLSgNBEOz1GeMr6t HLYBA8hV0R9Bj0Ym4R8oJkCbOT2WTMPJaZWSEs+QcvHhTx6v9482 +cJHvQxIKGoqqb7q4o4cxY3//21tY3Nre2CzvF3b39g8PS0XHLqF QT2iSKK92JsKGcSdq0zHLaSTTFIuK0HY3vZn77iWrDlGzYSUJDg YeSxYxg66RWo5/VatN+qexX/DnQKglyUoYc9X7pqzdQJBVUWsKxM d3AT2yYYW0Z4XRa7KWGJpiM8ZB2HZVYUBNm82un6NwpAxQr7UpaN Fd/T2RYGDMRkesU2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7H Q2YpsTyiSOYaOZuRWSENSbWBVR0IQTLL6+S1mUl8CvBw1W5epvH UYBTOIMLCOAaqnAPdWgCgUd4hld485T34r17H4vWNS+fOYE/8D5/ AFL9jvM=</latexit><latexit sha1_base64="UGhk Z+KpIs3zRfa6OGmpT5npaAs=">AAAB7XicbVDLSgNBEOz1GeMr6t HLYBA8hV0R9Bj0Ym4R8oJkCbOT2WTMPJaZWSEs+QcvHhTx6v9482 +cJHvQxIKGoqqb7q4o4cxY3//21tY3Nre2CzvF3b39g8PS0XHLqF QT2iSKK92JsKGcSdq0zHLaSTTFIuK0HY3vZn77iWrDlGzYSUJDg YeSxYxg66RWo5/VatN+qexX/DnQKglyUoYc9X7pqzdQJBVUWsKxM d3AT2yYYW0Z4XRa7KWGJpiM8ZB2HZVYUBNm82un6NwpAxQr7UpaN Fd/T2RYGDMRkesU2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7H Q2YpsTyiSOYaOZuRWSENSbWBVR0IQTLL6+S1mUl8CvBw1W5epvH UYBTOIMLCOAaqnAPdWgCgUd4hld485T34r17H4vWNS+fOYE/8D5/ AFL9jvM=</latexit><latexit sha1_base64="UGhk Z+KpIs3zRfa6OGmpT5npaAs=">AAAB7XicbVDLSgNBEOz1GeMr6t HLYBA8hV0R9Bj0Ym4R8oJkCbOT2WTMPJaZWSEs+QcvHhTx6v9482 +cJHvQxIKGoqqb7q4o4cxY3//21tY3Nre2CzvF3b39g8PS0XHLqF QT2iSKK92JsKGcSdq0zHLaSTTFIuK0HY3vZn77iWrDlGzYSUJDg YeSxYxg66RWo5/VatN+qexX/DnQKglyUoYc9X7pqzdQJBVUWsKxM d3AT2yYYW0Z4XRa7KWGJpiM8ZB2HZVYUBNm82un6NwpAxQr7UpaN Fd/T2RYGDMRkesU2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7H Q2YpsTyiSOYaOZuRWSENSbWBVR0IQTLL6+S1mUl8CvBw1W5epvH UYBTOIMLCOAaqnAPdWgCgUd4hld485T34r17H4vWNS+fOYE/8D5/ AFL9jvM=</latexit>
TIII
<latexit sha1_base64="1Own YtRu/jv5pRaRMONfKaazyzs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi71V6Be0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX /jts1BWx8MPN6bYWZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj5pmz jVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkm93O/88S1EbFq4jThf kRHSoSCUbRSpznI6vX6bFCuuFV3AbJOvJxUIEdjUP7qD2OWRlwhk 9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni3Bm5sMqQhLG2p ZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophrd+JlSSIldsuShMJcGYz H8nQ6E5Qzm1hDIt7K2EjammDG1CJRuCt/ryOmlfVT236j1eV2p3 eRxFOINzuAQPbqAGD9CAFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz +QPomI9G</latexit><latexit sha1_base64="1Own YtRu/jv5pRaRMONfKaazyzs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi71V6Be0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX /jts1BWx8MPN6bYWZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj5pmz jVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkm93O/88S1EbFq4jThf kRHSoSCUbRSpznI6vX6bFCuuFV3AbJOvJxUIEdjUP7qD2OWRlwhk 9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni3Bm5sMqQhLG2p ZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophrd+JlSSIldsuShMJcGYz H8nQ6E5Qzm1hDIt7K2EjammDG1CJRuCt/ryOmlfVT236j1eV2p3 eRxFOINzuAQPbqAGD9CAFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz +QPomI9G</latexit><latexit sha1_base64="1Own YtRu/jv5pRaRMONfKaazyzs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi71V6Be0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX /jts1BWx8MPN6bYWZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj5pmz jVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkm93O/88S1EbFq4jThf kRHSoSCUbRSpznI6vX6bFCuuFV3AbJOvJxUIEdjUP7qD2OWRlwhk 9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni3Bm5sMqQhLG2p ZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophrd+JlSSIldsuShMJcGYz H8nQ6E5Qzm1hDIt7K2EjammDG1CJRuCt/ryOmlfVT236j1eV2p3 eRxFOINzuAQPbqAGD9CAFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz +QPomI9G</latexit><latexit sha1_base64="1Own YtRu/jv5pRaRMONfKaazyzs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi71V6Be0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX /jts1BWx8MPN6bYWZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj5pmz jVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkm93O/88S1EbFq4jThf kRHSoSCUbRSpznI6vX6bFCuuFV3AbJOvJxUIEdjUP7qD2OWRlwhk 9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni3Bm5sMqQhLG2p ZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophrd+JlSSIldsuShMJcGYz H8nQ6E5Qzm1hDIt7K2EjammDG1CJRuCt/ryOmlfVT236j1eV2p3 eRxFOINzuAQPbqAGD9CAFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz +QPomI9G</latexit>
TIV
<latexit sha1_base64="WaSi GG8DbRgnIPNkv7m9kTF3XYo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi94qtGmhDWWz3bRrN7thdyOU0P/gxYMiXv0/3v w3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHvp apIrRNJJeqG2JNORO0bZjhtJsoiuOQ0044uc39zhNVmknRMtOEB jEeCRYxgo2V/NYgu/dng2rNrbtzoFXiFaQGBZqD6ld/KEkaU2EIx 1r3PDcxQYaVYYTTWaWfappgMsEj2rNU4JjqIJtfO0NnVhmiSCpbw qC5+nsiw7HW0zi0nTE2Y73s5eJ/Xi810XWQMZGkhgqyWBSlHBmJ8 tfRkClKDJ9agoli9lZExlhhYmxAFRuCt/zyKvEv6p5b9x4ua42b Io4ynMApnIMHV9CAO2hCGwg8wjO8wpsjnRfn3flYtJacYuYY/sD5 /AFmvo8A</latexit><latexit sha1_base64="WaSi GG8DbRgnIPNkv7m9kTF3XYo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi94qtGmhDWWz3bRrN7thdyOU0P/gxYMiXv0/3v w3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHvp apIrRNJJeqG2JNORO0bZjhtJsoiuOQ0044uc39zhNVmknRMtOEB jEeCRYxgo2V/NYgu/dng2rNrbtzoFXiFaQGBZqD6ld/KEkaU2EIx 1r3PDcxQYaVYYTTWaWfappgMsEj2rNU4JjqIJtfO0NnVhmiSCpbw qC5+nsiw7HW0zi0nTE2Y73s5eJ/Xi810XWQMZGkhgqyWBSlHBmJ8 tfRkClKDJ9agoli9lZExlhhYmxAFRuCt/zyKvEv6p5b9x4ua42b Io4ynMApnIMHV9CAO2hCGwg8wjO8wpsjnRfn3flYtJacYuYY/sD5 /AFmvo8A</latexit><latexit sha1_base64="WaSi GG8DbRgnIPNkv7m9kTF3XYo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi94qtGmhDWWz3bRrN7thdyOU0P/gxYMiXv0/3v w3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHvp apIrRNJJeqG2JNORO0bZjhtJsoiuOQ0044uc39zhNVmknRMtOEB jEeCRYxgo2V/NYgu/dng2rNrbtzoFXiFaQGBZqD6ld/KEkaU2EIx 1r3PDcxQYaVYYTTWaWfappgMsEj2rNU4JjqIJtfO0NnVhmiSCpbw qC5+nsiw7HW0zi0nTE2Y73s5eJ/Xi810XWQMZGkhgqyWBSlHBmJ8 tfRkClKDJ9agoli9lZExlhhYmxAFRuCt/zyKvEv6p5b9x4ua42b Io4ynMApnIMHV9CAO2hCGwg8wjO8wpsjnRfn3flYtJacYuYY/sD5 /AFmvo8A</latexit><latexit sha1_base64="WaSi GG8DbRgnIPNkv7m9kTF3XYo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi94qtGmhDWWz3bRrN7thdyOU0P/gxYMiXv0/3v w3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHvp apIrRNJJeqG2JNORO0bZjhtJsoiuOQ0044uc39zhNVmknRMtOEB jEeCRYxgo2V/NYgu/dng2rNrbtzoFXiFaQGBZqD6ld/KEkaU2EIx 1r3PDcxQYaVYYTTWaWfappgMsEj2rNU4JjqIJtfO0NnVhmiSCpbw qC5+nsiw7HW0zi0nTE2Y73s5eJ/Xi810XWQMZGkhgqyWBSlHBmJ8 tfRkClKDJ9agoli9lZExlhhYmxAFRuCt/zyKvEv6p5b9x4ua42b Io4ynMApnIMHV9CAO2hCGwg8wjO8wpsjnRfn3flYtJacYuYY/sD5 /AFmvo8A</latexit>
TI
<latexit sha1_base64="uHyX clyXjRIGKtofyoapunxWvWU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi94qNG2hDWWznbRLN5uwuxFK6G/w4kERr/4gb/ 4bt20OWn0w8Hhvhpl5YSq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWy eZYuizRCSqG1KNgkv0DTcCu6lCGocCO+Hkdu53HlFpnsiWmaYYx HQkecQZNVbyW4P8fjao1ty6uwD5S7yC1KBAc1D97A8TlsUoDRNU6 57npibIqTKcCZxV+pnGlLIJHWHPUklj1EG+OHZGzqwyJFGibElDF urPiZzGWk/j0HbG1Iz1qjcX//N6mYmug5zLNDMo2XJRlAliEjL/n Ay5QmbE1BLKFLe3EjamijJj86nYELzVl/+S9kXdc+vew2WtcVPE UYYTOIVz8OAKGnAHTfCBAYcneIFXRzrPzpvzvmwtOcXMMfyC8/EN vZ6OoA==</latexit><latexit sha1_base64="uHyX clyXjRIGKtofyoapunxWvWU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi94qNG2hDWWznbRLN5uwuxFK6G/w4kERr/4gb/ 4bt20OWn0w8Hhvhpl5YSq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWy eZYuizRCSqG1KNgkv0DTcCu6lCGocCO+Hkdu53HlFpnsiWmaYYx HQkecQZNVbyW4P8fjao1ty6uwD5S7yC1KBAc1D97A8TlsUoDRNU6 57npibIqTKcCZxV+pnGlLIJHWHPUklj1EG+OHZGzqwyJFGibElDF urPiZzGWk/j0HbG1Iz1qjcX//N6mYmug5zLNDMo2XJRlAliEjL/n Ay5QmbE1BLKFLe3EjamijJj86nYELzVl/+S9kXdc+vew2WtcVPE UYYTOIVz8OAKGnAHTfCBAYcneIFXRzrPzpvzvmwtOcXMMfyC8/EN vZ6OoA==</latexit><latexit sha1_base64="uHyX clyXjRIGKtofyoapunxWvWU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi94qNG2hDWWznbRLN5uwuxFK6G/w4kERr/4gb/ 4bt20OWn0w8Hhvhpl5YSq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWy eZYuizRCSqG1KNgkv0DTcCu6lCGocCO+Hkdu53HlFpnsiWmaYYx HQkecQZNVbyW4P8fjao1ty6uwD5S7yC1KBAc1D97A8TlsUoDRNU6 57npibIqTKcCZxV+pnGlLIJHWHPUklj1EG+OHZGzqwyJFGibElDF urPiZzGWk/j0HbG1Iz1qjcX//N6mYmug5zLNDMo2XJRlAliEjL/n Ay5QmbE1BLKFLe3EjamijJj86nYELzVl/+S9kXdc+vew2WtcVPE UYYTOIVz8OAKGnAHTfCBAYcneIFXRzrPzpvzvmwtOcXMMfyC8/EN vZ6OoA==</latexit><latexit sha1_base64="uHyX clyXjRIGKtofyoapunxWvWU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi94qNG2hDWWznbRLN5uwuxFK6G/w4kERr/4gb/ 4bt20OWn0w8Hhvhpl5YSq4Nq775ZTW1jc2t8rblZ3dvf2D6uFRWy eZYuizRCSqG1KNgkv0DTcCu6lCGocCO+Hkdu53HlFpnsiWmaYYx HQkecQZNVbyW4P8fjao1ty6uwD5S7yC1KBAc1D97A8TlsUoDRNU6 57npibIqTKcCZxV+pnGlLIJHWHPUklj1EG+OHZGzqwyJFGibElDF urPiZzGWk/j0HbG1Iz1qjcX//N6mYmug5zLNDMo2XJRlAliEjL/n Ay5QmbE1BLKFLe3EjamijJj86nYELzVl/+S9kXdc+vew2WtcVPE UYYTOIVz8OAKGnAHTfCBAYcneIFXRzrPzpvzvmwtOcXMMfyC8/EN vZ6OoA==</latexit>
Ims
<latexit sha1_ base64="E5eEfg0KwH0JH/LfEb /TKQuZFUk=">AAAB8XicbVA9SwN BEJ2LXzF+RS1tFoNgFe5E0DJoo 10EE4PJEfY2m2TJ7t6xOyeEI//C xkIRW/+Nnf/GTXKFJj4YeLw3w8 y8KJHCou9/e4WV1bX1jeJmaWt7 Z3evvH/QtHFqGG+wWMamFVHLpdC 8gQIlbyWGUxVJ/hCNrqf+wxM3V sT6HscJDxUdaNEXjKKTHrOOUeRW TYjtlit+1Z+BLJMgJxXIUe+Wvz q9mKWKa2SSWtsO/ATDjBoUTPJJq ZNanlA2ogPedlRTxW2YzS6ekBO n9Eg/Nq40kpn6eyKjytqxilynoj i0i95U/M9rp9i/DDOhkxS5ZvNF /VQSjMn0fdIThjOUY0coM8LdSt iQGsrQhVRyIQSLLy+T5lk18KvB3 XmldpXHUYQjOIZTCOACanADdWg AAw3P8ApvnvVevHfvY95a8PKZQ/ gD7/MHBoKQeg==</latexit><latexit sha1_ base64="E5eEfg0KwH0JH/LfEb /TKQuZFUk=">AAAB8XicbVA9SwN BEJ2LXzF+RS1tFoNgFe5E0DJoo 10EE4PJEfY2m2TJ7t6xOyeEI//C xkIRW/+Nnf/GTXKFJj4YeLw3w8 y8KJHCou9/e4WV1bX1jeJmaWt7 Z3evvH/QtHFqGG+wWMamFVHLpdC 8gQIlbyWGUxVJ/hCNrqf+wxM3V sT6HscJDxUdaNEXjKKTHrOOUeRW TYjtlit+1Z+BLJMgJxXIUe+Wvz q9mKWKa2SSWtsO/ATDjBoUTPJJq ZNanlA2ogPedlRTxW2YzS6ekBO n9Eg/Nq40kpn6eyKjytqxilynoj i0i95U/M9rp9i/DDOhkxS5ZvNF /VQSjMn0fdIThjOUY0coM8LdSt iQGsrQhVRyIQSLLy+T5lk18KvB3 XmldpXHUYQjOIZTCOACanADdWg AAw3P8ApvnvVevHfvY95a8PKZQ/ gD7/MHBoKQeg==</latexit><latexit sha1_ base64="E5eEfg0KwH0JH/LfEb /TKQuZFUk=">AAAB8XicbVA9SwN BEJ2LXzF+RS1tFoNgFe5E0DJoo 10EE4PJEfY2m2TJ7t6xOyeEI//C xkIRW/+Nnf/GTXKFJj4YeLw3w8 y8KJHCou9/e4WV1bX1jeJmaWt7 Z3evvH/QtHFqGG+wWMamFVHLpdC 8gQIlbyWGUxVJ/hCNrqf+wxM3V sT6HscJDxUdaNEXjKKTHrOOUeRW TYjtlit+1Z+BLJMgJxXIUe+Wvz q9mKWKa2SSWtsO/ATDjBoUTPJJq ZNanlA2ogPedlRTxW2YzS6ekBO n9Eg/Nq40kpn6eyKjytqxilynoj i0i95U/M9rp9i/DDOhkxS5ZvNF /VQSjMn0fdIThjOUY0coM8LdSt iQGsrQhVRyIQSLLy+T5lk18KvB3 XmldpXHUYQjOIZTCOACanADdWg AAw3P8ApvnvVevHfvY95a8PKZQ/ gD7/MHBoKQeg==</latexit><latexit sha1_ base64="E5eEfg0KwH0JH/LfEb /TKQuZFUk=">AAAB8XicbVA9SwN BEJ2LXzF+RS1tFoNgFe5E0DJoo 10EE4PJEfY2m2TJ7t6xOyeEI//C xkIRW/+Nnf/GTXKFJj4YeLw3w8 y8KJHCou9/e4WV1bX1jeJmaWt7 Z3evvH/QtHFqGG+wWMamFVHLpdC 8gQIlbyWGUxVJ/hCNrqf+wxM3V sT6HscJDxUdaNEXjKKTHrOOUeRW TYjtlit+1Z+BLJMgJxXIUe+Wvz q9mKWKa2SSWtsO/ATDjBoUTPJJq ZNanlA2ogPedlRTxW2YzS6ekBO n9Eg/Nq40kpn6eyKjytqxilynoj i0i95U/M9rp9i/DDOhkxS5ZvNF /VQSjMn0fdIThjOUY0coM8LdSt iQGsrQhVRyIQSLLy+T5lk18KvB3 XmldpXHUYQjOIZTCOACanADdWg AAw3P8ApvnvVevHfvY95a8PKZQ/ gD7/MHBoKQeg==</latexit>
b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/ qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJY PZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0 FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/ qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJY PZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0 FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/ qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJY PZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0 FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/ qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJY PZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0 FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>
c
<latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikre NUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJv QEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qe W/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikre NUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJv QEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qe W/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikre NUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJv QEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qe W/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikre NUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJv QEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qe W/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>
 @Ss(b)
<latexit sha1_base64="tCJYb1G32KSKw5eq5A+G+Grk9gw=">AAAB+nicbVDLSsNAFL2pr1pf qS7dDBahLiyJCLosunFZ0T6gDWEynbRDJ5MwM1FK7ae4caGIW7/EnX/jpM1CWw9cOJxz78y9J0g4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORteZ336gUr FY3OtxQr0IDwQLGcHaSL5dPkW9BEvNMEd3vqoGJ75dcWrODGiZuDmpQI6Gb3/1+jFJIyo04Viprusk2ptkjxJOp6VeqmiCyQgPaNdQgSOqvMls9Sk6NkofhbE0JTSaqb8nJjhSahwFpjPCeqgWvUz8z +umOrz0JkwkqaaCzD8KU450jLIcUJ9JSjQfG4KJZGZXRIZYYqJNWiUTgrt48jJpndVcp+benlfqV3kcRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx7y1YOUzB/AH1ucPkE6S4w==</latexit><latexit sha1_base64="tCJYb1G32KSKw5eq5A+G+Grk9gw=">AAAB+nicbVDLSsNAFL2pr1pf qS7dDBahLiyJCLosunFZ0T6gDWEynbRDJ5MwM1FK7ae4caGIW7/EnX/jpM1CWw9cOJxz78y9J0g4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORteZ336gUr FY3OtxQr0IDwQLGcHaSL5dPkW9BEvNMEd3vqoGJ75dcWrODGiZuDmpQI6Gb3/1+jFJIyo04Viprusk2ptkjxJOp6VeqmiCyQgPaNdQgSOqvMls9Sk6NkofhbE0JTSaqb8nJjhSahwFpjPCeqgWvUz8z +umOrz0JkwkqaaCzD8KU450jLIcUJ9JSjQfG4KJZGZXRIZYYqJNWiUTgrt48jJpndVcp+benlfqV3kcRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx7y1YOUzB/AH1ucPkE6S4w==</latexit><latexit sha1_base64="tCJYb1G32KSKw5eq5A+G+Grk9gw=">AAAB+nicbVDLSsNAFL2pr1pf qS7dDBahLiyJCLosunFZ0T6gDWEynbRDJ5MwM1FK7ae4caGIW7/EnX/jpM1CWw9cOJxz78y9J0g4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORteZ336gUr FY3OtxQr0IDwQLGcHaSL5dPkW9BEvNMEd3vqoGJ75dcWrODGiZuDmpQI6Gb3/1+jFJIyo04Viprusk2ptkjxJOp6VeqmiCyQgPaNdQgSOqvMls9Sk6NkofhbE0JTSaqb8nJjhSahwFpjPCeqgWvUz8z +umOrz0JkwkqaaCzD8KU450jLIcUJ9JSjQfG4KJZGZXRIZYYqJNWiUTgrt48jJpndVcp+benlfqV3kcRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx7y1YOUzB/AH1ucPkE6S4w==</latexit><latexit sha1_base64="tCJYb1G32KSKw5eq5A+G+Grk9gw=">AAAB+nicbVDLSsNAFL2pr1pf qS7dDBahLiyJCLosunFZ0T6gDWEynbRDJ5MwM1FK7ae4caGIW7/EnX/jpM1CWw9cOJxz78y9J0g4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORteZ336gUr FY3OtxQr0IDwQLGcHaSL5dPkW9BEvNMEd3vqoGJ75dcWrODGiZuDmpQI6Gb3/1+jFJIyo04Viprusk2ptkjxJOp6VeqmiCyQgPaNdQgSOqvMls9Sk6NkofhbE0JTSaqb8nJjhSahwFpjPCeqgWvUz8z +umOrz0JkwkqaaCzD8KU450jLIcUJ9JSjQfG4KJZGZXRIZYYqJNWiUTgrt48jJpndVcp+benlfqV3kcRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx7y1YOUzB/AH1ucPkE6S4w==</latexit>
@S¯s(b)
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Figure 1. Relative entropy of ψs for various s as a function of b. The input relative entropy
function, shown in black, is a cartoon. It has the additional property that ∂S(b), ∂S¯(−b) → 0 as
b → ∞ which is the case if the state approaches vacuum in that limit (this may not actually be
the case in QFT since the wiggly cut functions, representing deformations from the Rindler cut R,
might have bounded support.) Positive s are the green curves and negative s is the red curve. The
relative modular flow is defined with respect to the cut at the point b = c.
that we review in Appendix A. See in p rticular (A.60). Following the same strategy as
above we can compute the relative entropy as follows. Define the following functions:
S
ψ̂
(b) = Srel(ψ̂|Ω;Ab) , S¯ψ̂(b) = Srel(ψ̂|Ω;A′b) (2.49)
Expectation values of operators in AC are unaffected:
〈ψ|Θ′γ(Θ′)† |ψ〉 = 〈ψ| γ |ψ〉 (2.50)
which implies that:
S
ψ̂
(b) = S(b) b ≥ c (2.51)
And for operators in A′C :
〈ψ|Θ′γ′(Θ′)† |ψ〉 = 〈ψ| J ′ψ|Ωγ′J ′Ω|ψ |ψ〉 = 〈ψ| JΩγ′JΩpi′(ψ) |ψ〉 = 〈ψ| JΩγ′JΩ |ψ〉 (2.52)
So for cuts AC′−a for a > 0 the relative entropy is the same as that of the state JΩ;C |ψ〉.
We can then use the following result for the modular operator of such a state:
JΩ∆ψ|Ω;CaJΩ = ∆JΩψ|Ω;C′−a (2.53)
using similar arguments to those that arrived at (2.30). This implies that:
S¯
ψ̂
(b) = Srel(JΩψ|Ω;A′b) = Srel(ψ|Ω;A2c−b) = S(2c− b) b ≤ c (2.54)
For the other relative entropies we need the ANE of this new state. In fact it is not
obvious this is finite. However we have the following result:
Lemma 3. Given a state ψ with finite averaged null energy, then the state in the natural
self-dual cone VΩ;C associated to Ω has finite averaged null energy:
P̂ ≡ 〈ψ̂∣∣P ∣∣ψ̂〉 ≤ 2R ≤ 2Pψ (2.55)
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where R is the same quantity appearing in Lemma 2 (not necessarily subject to Corollary 1).
Additionally assuming the state ψ has finite relative entropy for some cut AC then the state
in the natural self-dual cone for Ω has finite relative entropy and finite complementary
relative entropy:
Srel(ψ̂|Ω;C ′) = Srel(ψ̂|Ω;C) <∞ (2.56)
Note the later fact about relative entropy follows from our discussion just before the
statement of Lemma 3. We will delay the rest of the proof of this to Section 5. This result
will be useful for us in the next section since we now need only assume that a particular
purification has finite null energy before we can then conclude that there is a state also with
finite complementary relative entropy, so we may relax one of the assumptions in (2.12).
We can now, using Lemma 1 for ψ̂, give a more complete discussion of the relative
entropy for ψ̂ associated to a state ψ with finite ANE:
S
ψ̂
(b) =
{
S(b) b ≥ c
S(2c− b)− 2piP̂ (b− c) b ≤ c
(2.57)
S¯
ψ̂
(b) =
{
S(b) + 2piP̂ (b− c) b ≥ c
S(2c− b) b ≤ c
(2.58)
Notice that the relative entropy here only depends on S(b) for b ≥ c. Indeed none of these
manipulations assumed that the complement relative entropy of ψ is finite. See Figure 2
for an example of these functions.
 @S b (b), @S¯ b (b)
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b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF4 8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3f PcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeX c+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF4 8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3f PcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeX c+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF4 8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3f PcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeX c+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF4 8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3f PcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeX c+lq0FJ585hT9wPn8AxOGM5g==</latexit>
 @S b (b), @S¯ b (b)
<latexit sha1_base64="DNnvv5ovBDOPmMy9J6oHlu2sPFA=">AAACL3icbVDLSgMxFM3UV62vUZdugkW ooGVGBF0WBXFZqX1Ap5Q7aaYNzTxIMkoZ5o/c+CvdiCji1r8wbQfU2gOBwznncnOPG3EmlWW9Grml5ZXVtfx6YWNza3vH3N1ryDAWhNZJyEPRckFSzgJaV0xx2ooEBd/ltOkOryd+84EKycLgXo0i2vGhHzCPEVBa6po3p 9iJQCgGHNe6ifPIenQAKnEiydK05B6f/PiOCyKppYtSXbNola0p8H9iZ6SIMlS75tjphST2aaAIBynbthWpTjLZRDhNC04saQRkCH3a1jQAn8pOMr03xUda6WEvFPoFCk/V3xMJ+FKOfFcnfVADOe9NxEVeO1beZSdhQRQ rGpDZIi/mWIV4Uh7uMUGJ4iNNgAim/4rJAAQQpSsu6BLs+ZP/k8ZZ2bbK9t15sXKV1ZFHB+gQlZCNLlAF3aIqqiOCntAYvaF349l4MT6Mz1k0Z2Qz++gPjK9vSyOp2Q==</latexit><latexit sha1_base64="DNnvv5ovBDOPmMy9J6oHlu2sPFA=">AAACL3icbVDLSgMxFM3UV62vUZdugkW ooGVGBF0WBXFZqX1Ap5Q7aaYNzTxIMkoZ5o/c+CvdiCji1r8wbQfU2gOBwznncnOPG3EmlWW9Grml5ZXVtfx6YWNza3vH3N1ryDAWhNZJyEPRckFSzgJaV0xx2ooEBd/ltOkOryd+84EKycLgXo0i2vGhHzCPEVBa6po3p 9iJQCgGHNe6ifPIenQAKnEiydK05B6f/PiOCyKppYtSXbNola0p8H9iZ6SIMlS75tjphST2aaAIBynbthWpTjLZRDhNC04saQRkCH3a1jQAn8pOMr03xUda6WEvFPoFCk/V3xMJ+FKOfFcnfVADOe9NxEVeO1beZSdhQRQ rGpDZIi/mWIV4Uh7uMUGJ4iNNgAim/4rJAAQQpSsu6BLs+ZP/k8ZZ2bbK9t15sXKV1ZFHB+gQlZCNLlAF3aIqqiOCntAYvaF349l4MT6Mz1k0Z2Qz++gPjK9vSyOp2Q==</latexit><latexit sha1_base64="DNnvv5ovBDOPmMy9J6oHlu2sPFA=">AAACL3icbVDLSgMxFM3UV62vUZdugkW ooGVGBF0WBXFZqX1Ap5Q7aaYNzTxIMkoZ5o/c+CvdiCji1r8wbQfU2gOBwznncnOPG3EmlWW9Grml5ZXVtfx6YWNza3vH3N1ryDAWhNZJyEPRckFSzgJaV0xx2ooEBd/ltOkOryd+84EKycLgXo0i2vGhHzCPEVBa6po3p 9iJQCgGHNe6ifPIenQAKnEiydK05B6f/PiOCyKppYtSXbNola0p8H9iZ6SIMlS75tjphST2aaAIBynbthWpTjLZRDhNC04saQRkCH3a1jQAn8pOMr03xUda6WEvFPoFCk/V3xMJ+FKOfFcnfVADOe9NxEVeO1beZSdhQRQ rGpDZIi/mWIV4Uh7uMUGJ4iNNgAim/4rJAAQQpSsu6BLs+ZP/k8ZZ2bbK9t15sXKV1ZFHB+gQlZCNLlAF3aIqqiOCntAYvaF349l4MT6Mz1k0Z2Qz++gPjK9vSyOp2Q==</latexit><latexit sha1_base64="DNnvv5ovBDOPmMy9J6oHlu2sPFA=">AAACL3icbVDLSgMxFM3UV62vUZdugkW ooGVGBF0WBXFZqX1Ap5Q7aaYNzTxIMkoZ5o/c+CvdiCji1r8wbQfU2gOBwznncnOPG3EmlWW9Grml5ZXVtfx6YWNza3vH3N1ryDAWhNZJyEPRckFSzgJaV0xx2ooEBd/ltOkOryd+84EKycLgXo0i2vGhHzCPEVBa6po3p 9iJQCgGHNe6ifPIenQAKnEiydK05B6f/PiOCyKppYtSXbNola0p8H9iZ6SIMlS75tjphST2aaAIBynbthWpTjLZRDhNC04saQRkCH3a1jQAn8pOMr03xUda6WEvFPoFCk/V3xMJ+FKOfFcnfVADOe9NxEVeO1beZSdhQRQ rGpDZIi/mWIV4Uh7uMUGJ4iNNgAim/4rJAAQQpSsu6BLs+ZP/k8ZZ2bbK9t15sXKV1ZFHB+gQlZCNLlAF3aIqqiOCntAYvaF349l4MT6Mz1k0Z2Qz++gPjK9vSyOp2Q==</latexit>
 @S b (b), @S¯ b (b)
<latexit sha1_base64="DNnvv5ovBDOPmMy9J6o Hlu2sPFA=">AAACL3icbVDLSgMxFM3UV62vUZdugkWooGVGBF0WBXFZqX1Ap5Q7aaYNzTxIMkoZ5o/c+Cv diCji1r8wbQfU2gOBwznncnOPG3EmlWW9Grml5ZXVtfx6YWNza3vH3N1ryDAWhNZJyEPRckFSzgJaV0xx2 ooEBd/ltOkOryd+84EKycLgXo0i2vGhHzCPEVBa6po3p9iJQCgGHNe6ifPIenQAKnEiydK05B6f/PiOCyK ppYtSXbNola0p8H9iZ6SIMlS75tjphST2aaAIBynbthWpTjLZRDhNC04saQRkCH3a1jQAn8pOMr03xUda6 WEvFPoFCk/V3xMJ+FKOfFcnfVADOe9NxEVeO1beZSdhQRQrGpDZIi/mWIV4Uh7uMUGJ4iNNgAim/4rJAA QQpSsu6BLs+ZP/k8ZZ2bbK9t15sXKV1ZFHB+gQlZCNLlAF3aIqqiOCntAYvaF349l4MT6Mz1k0Z2Qz++gP jK9vSyOp2Q==</latexit><latexit sha1_base64="DNnvv5ovBDOPmMy9J6o Hlu2sPFA=">AAACL3icbVDLSgMxFM3UV62vUZdugkWooGVGBF0WBXFZqX1Ap5Q7aaYNzTxIMkoZ5o/c+Cv diCji1r8wbQfU2gOBwznncnOPG3EmlWW9Grml5ZXVtfx6YWNza3vH3N1ryDAWhNZJyEPRckFSzgJaV0xx2 ooEBd/ltOkOryd+84EKycLgXo0i2vGhHzCPEVBa6po3p9iJQCgGHNe6ifPIenQAKnEiydK05B6f/PiOCyK ppYtSXbNola0p8H9iZ6SIMlS75tjphST2aaAIBynbthWpTjLZRDhNC04saQRkCH3a1jQAn8pOMr03xUda6 WEvFPoFCk/V3xMJ+FKOfFcnfVADOe9NxEVeO1beZSdhQRQrGpDZIi/mWIV4Uh7uMUGJ4iNNgAim/4rJAA QQpSsu6BLs+ZP/k8ZZ2bbK9t15sXKV1ZFHB+gQlZCNLlAF3aIqqiOCntAYvaF349l4MT6Mz1k0Z2Qz++gP jK9vSyOp2Q==</latexit><latexit sha1_base64="DNnvv5ovBDOPmMy9J6o Hlu2sPFA=">AAACL3icbVDLSgMxFM3UV62vUZdugkWooGVGBF0WBXFZqX1Ap5Q7aaYNzTxIMkoZ5o/c+Cv diCji1r8wbQfU2gOBwznncnOPG3EmlWW9Grml5ZXVtfx6YWNza3vH3N1ryDAWhNZJyEPRckFSzgJaV0xx2 ooEBd/ltOkOryd+84EKycLgXo0i2vGhHzCPEVBa6po3p9iJQCgGHNe6ifPIenQAKnEiydK05B6f/PiOCyK ppYtSXbNola0p8H9iZ6SIMlS75tjphST2aaAIBynbthWpTjLZRDhNC04saQRkCH3a1jQAn8pOMr03xUda6 WEvFPoFCk/V3xMJ+FKOfFcnfVADOe9NxEVeO1beZSdhQRQrGpDZIi/mWIV4Uh7uMUGJ4iNNgAim/4rJAA QQpSsu6BLs+ZP/k8ZZ2bbK9t15sXKV1ZFHB+gQlZCNLlAF3aIqqiOCntAYvaF349l4MT6Mz1k0Z2Qz++gP jK9vSyOp2Q==</latexit><latexit sha1_base64="DNnvv5ovBDOPmMy9J6o Hlu2sPFA=">AAACL3icbVDLSgMxFM3UV62vUZdugkWooGVGBF0WBXFZqX1Ap5Q7aaYNzTxIMkoZ5o/c+Cv diCji1r8wbQfU2gOBwznncnOPG3EmlWW9Grml5ZXVtfx6YWNza3vH3N1ryDAWhNZJyEPRckFSzgJaV0xx2 ooEBd/ltOkOryd+84EKycLgXo0i2vGhHzCPEVBa6po3p9iJQCgGHNe6ifPIenQAKnEiydK05B6f/PiOCyK ppYtSXbNola0p8H9iZ6SIMlS75tjphST2aaAIBynbthWpTjLZRDhNC04saQRkCH3a1jQAn8pOMr03xUda6 WEvFPoFCk/V3xMJ+FKOfFcnfVADOe9NxEVeO1beZSdhQRQrGpDZIi/mWIV4Uh7uMUGJ4iNNgAim/4rJAA QQpSsu6BLs+ZP/k8ZZ2bbK9t15sXKV1ZFHB+gQlZCNLlAF3aIqqiOCntAYvaF349l4MT6Mz1k0Z2Qz++gP jK9vSyOp2Q==</latexit>
b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF 48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJ q3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6c R+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF 48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJ q3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6c R+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF 48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJ q3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6c R+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF 48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJ q3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6c R+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>
b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF 48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJ q3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6c R+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF 48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJ q3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6c R+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF 48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJ q3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6c R+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF 48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJ q3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6c R+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>
 @S b (b), @S¯ b (b)
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Figure 2. Relative entropy of ψ̂ as a function of b, where the natural self-dual cone is with respect
to the algebra AAc (at the the origin of the b-axis). The dashed curves show the input relative
entropy and the complement relative entropy (only in the left figure). If the complementary relative
entropy for the input state ψ is not finite then we have not been able to discount the possibility of
a bounded jump discontinuity in the derivative of relative entropy at b = c which is shown in the
right figure.
We turn now to our main results that can be derived from the behavior of the flowed
state and the state in the natural self-dual cone.
3 Main Results
Our main goal is to prove the following conjecture by Wall [17]:
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Theorem 1 (Wall’s conjecture). 5 In the context of algebras satisfying the property of a
half-sided modular inclusion AB ⊂ AA in Definition 1, consider the relative entropy S(b)
of some vector state ψ ∈ H compared to the vacuum state Ω, thought of as a function of
the null cuts labeled by b. Consider states such that:
〈ψ|P |ψ〉 <∞ and S(b) = Srel(ψ|Ω;Ab) <∞ , b ≥ b0 (3.1)
for some b0. The derivative of S(b) exists almost everywhere for c > b0 and can be calculated
using the following variational expression:
− ∂S(c) = M(c) ≡ inf
φ∈H:
{〈β〉φ=〈β〉ψ ∀β∈AAc
Srel(φ|Ω;A′c)<∞
2pi 〈φ|P |φ〉 . (3.2)
Proof. From Lemma 3 we can pass to a state in the natural self-dual cone VΩ;Ab0 at b = b0.
That is consider: ∣∣ψ̂〉 = (Θψ|Ω;A′b0)† |ψ〉 (3.3)
We know ψ̂ has finite ANE, relative entropy and complementary relative entropy at b = b0.
We can then apply Lemma 1 such that the relative entropy functions S
ψ̂
(b) and S¯
ψ̂
(b) for
this new state are finite for all b ∈ R and S
ψ̂
(b) agrees with the relative entropy of ψ for
b ≥ b0. We thus redefine ψ̂ → ψ and work with this state.
For any c > b0 we know there exists at least one state φ satisfying the assumptions
that go into the infimum in (3.2) (ψ itself). Such a state φ also satisfies the assumptions
(2.12) that go into Lemma 1. So we have the following estimate:
2pi 〈φ|P |φ〉 = lim
a→0+
S¯φ(c+ a)− S¯φ(c)− (Sφ(c+ a)− Sφ(c))
a
≥ −∂S(c) (3.4)
where Sφ(b) = Srel(φ|Ω;A′b) and S¯φ(b) = Srel(φ|Ω;Ab), the later of which agrees with S(b)
for b ≥ c. We have applied monotonicity to S¯φ(c+a) ≥ S¯φ(c). Note that ∂S(c) exists since
by assumption we are working around a point where the derivative exists, and although
the derivative of Sφ(b) might not exists at b = c its half sided derivative ∂
+ does exist and
equals ∂S(c). We have:
M(c) ≥ −∂S(c) (3.5)
We next aim to show that the bound in (3.5) is saturated. We use the flowed state discussed
in the previous section. We apply Lemma 2 and Corollary 1 to:
|ψs〉 = (DΩ : Dψ ;A′c)s |ψ〉 (3.6)
where this state also satisfies the properties that go into the infimum of (3.2), since the
action of the co-cycle leaves invariant expectation values of operators in AAc (2.25). It also
5Wall wrote down this conjecture in a different form involving entanglement entropy and the half inte-
grated ANE. It is essentially equivalent to what is stated here, although the original form involves quantities
that are not obviously well defined in algebraic quantum field theory. He also for the most part had in
mind 2d QFTs. The original conjecture came from arguing that there was no other quantity that he could
imagine except −∂S that satisfies all the properties of the right hand side of (3.2).
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leaves the relative entropies Ac and A
′
c invariant as can be seen from (2.38) and (2.39).
The null energy is of course finite and equal to:
2pi 〈ψs|P |ψs〉 = −∂S(c) + e−2pis(2piPψ + ∂S(c)) (3.7)
thanks to Corollary 1. Thus we have the estimate:
M(c) ≤ inf
s
2pi 〈ψs|P |ψs〉 = −∂S(c) (3.8)
which finishes the proof.
Note that we can slightly loosen the assumptions of this theorem by demanding that
for a cut Ab0 there is at least one purification with finite ANE. Then we can apply the
theorem to compute relative entropies for c ≥ b0. If we were to also demand that the input
state ψ has finite complementary relative entropy then considering Lemma 1 we can now
apply this theorem for all b0 → −∞ since all relative entropies are then finite.
The assumption on the ANE is physically sensible for QFT yet it would still be nice
to relax this assumption, for example by showing that the infimum above always exists as
long as the relative entropy of one cut AAb0 is finite. It seems reasonable that we should
be able to show this by using the state ψ̂ in the natural self-dual cone associated to Ω.
However we have so far been unsuccessful here since it is hard to make progress if we don’t
assume the initial ψ has finite ANE to begin with.
Once we have this theorem it is easy to prove a limited version of the QNEC in the
following form:
Theorem 2 (The Quantum Null Energy Condition (lite) ). For all vector states |ψ〉 ∈ H
with finite averaged null energy and finite relative entropy for cuts c > b0, then:
∂S(c+ a)− ∂S(c) ≥ 0 (3.9)
almost everywhere in (a, c) with a ≥ 0 and c > b0.
Proof. This result follows simply because the minimization in (3.2) for M(c+a), compared
to that for M(c), is over a super set of states φ for the same averaged null energy quantity.
In particular any state that is included in the minimization for M(c), via Lemma 1, has
finite relative entropy and complement relative entropy for the algebra AAc+a as well as
finite null energy so it also goes into the minimization for M(c+ a).
Corollary 2. For all vector states |ψ〉 ∈ H with finite null energy and relative entropy for
c > b0 the relative entropy S(b) is a convex function - for (b1, b2) > b0:
S(b1t+ b2(1− t)) ≤ tS(b1) + (1− t)S(b2) 0 ≤ t ≤ 1 (3.10)
This implies that the half sided derivatives of S(b) exists everywhere and we have a refined
estimate to Theorem 1:
− ∂+S(c) ≤M(c) ≤ −∂−S(c) (3.11)
where M(c) is defined in (3.2)
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Proof. We integrate (3.9), and since the original function was Lipschitz continuous the
fundamental theorem of calculus applies for the Lebesgue integral and we have:
S(c+ a+ a′)− S(c+ a)− S(c+ a′) + S(c) ≥ 0 (3.12)
for all a, a′ ≥ 0 and all c > b0. Setting a′ = a we have:
S(c+ a) ≤ S(c+ 2a) + S(c)
2
(3.13)
which becomes (3.10) for t = 1/2, c = b1 and c+2a = b2. That is S(b) is mid-point convex.
Continuity plus mid point convexity for all points b1, b2 implies the more general convexity
statement (3.10) for all t.
To find the improved estimate for M(c) we reconsider our discussion of the ANE of
the flowed state - Lemma 2 and Corollary 1, with the new knowledge that the one sided
derivatives always exist. Note that the QNEC also applies to ψs (the assumptions are
satisfied for this state) so we also know the half sided derivatives of Ss exist. That is for
all c we can replace (2.40) and (2.41) with:
0 ≤ −e2pis∂−Ss(c) = −∂−S(c) + 2pi(e2pis − 1)R →
s→−∞−∂
−S(c)− 2piR (3.14)
0 ≤ ∂+S¯s(c) = ∂+S¯(c) + 2pi(R− Pψ)(1− e−2pis) →
s→∞ ∂
+S(c) + 2piR (3.15)
so we learn that the equality (2.43) is replaced by the inequalities:
− ∂+S(c) ≤ 2piR ≤ −∂−S(c) (3.16)
We should replace the bound in (3.5) by:
M(c) ≥ −∂+S(c) (3.17)
since we must approach from the side where the relative entropy is unchanged. The flowed
state still gives an estimate:
M(c) ≤ 2piR =⇒ −∂+S(c) ≤M(c) ≤ −∂−S(c) (3.18)
which is the desired result. The QNEC that follows from this is:
M(c+ a) ≤M(c) =⇒ ∂+S(c+ a)− ∂−S(c) ≥ 0 (3.19)
3.1 The QNEC from the ANEC
There are several alternative routes to the QNEC. For example if we examine monotonicity
of relative entropy for b ≥ c in (2.46) and take the large s limit:
0 ≤ ∂S¯s(b) →
s→∞ ∂S¯(b)− ∂S¯(c) = ∂S(b)− ∂S(c) (3.20)
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where we are assuming all derivatives exists for simplicity. Alternatively we can apply
Lemma 2 twice to two different flows. For example consider the state:∣∣ψsc′ ;−sb〉 ≡ (DΩ : Dψ ;Ab)−s(DΩ : Dψ ;Ac)′s |ψ〉 (3.21)
for b > c. We can use our results there to compute the ANE of this state:
2piPsc′ ;−sb = 2piPψe
−2pis + (1− e−2pis)(∂S(b)− ∂S(c)) (3.22)
which limits to the QNEC at large s.
Note that this later result connects with a previous proof of the QNEC. Consider the
state:
|ψQ〉 = ∆isΩ;A(b+c)/2
∣∣ψsc′ ;−sb〉 (3.23)
where for symmetry we have added an extra boost around the mid point of the two cuts.
In this state, ψQ, consider a correlation function of two operators from OL ∈ A′Ac and the
other from OR ∈ AAb for b > c. One finds:
〈ψQ| OLOR |ψQ〉 = 〈ψ| OL(s)∆isψ;Ac∆−isψ;AbOR(s) |ψ〉 (3.24)
where
OL(s) = VOLV † OR(s) = V †OLV V = U(b−c)(e−2pis−1)/2 (3.25)
and we have used the algebra of half sided modular inclusions. This correlator was the
starting point for the proof of the QNEC in [7]. We can easily compute the ANE in this
state now. The boost simply amplifies the ANE in (3.22)
2pi 〈ψQ|P |ψQ〉 = 2piPψ + (e2pis − 1)(∂S(b)− ∂S(c)) (3.26)
which reproduces the large s results in [7]. In other words the results in [7] can simply
be interpreted as extracting the ANEC, using the methods of [21], but in the state |ψQ〉.
Proving positivity seems to work slightly differently but we now know that it simply follows
from the ANEC.
3.2 The QNEC and Strong Superadditivity of Relative Entropy
We now give a more complete discussion of the QNEC for Rindler cuts in Minkowski space.
We consider states ψ that have finite relative entropy for the undeformed cut R and finite
null energy for the generator of null translations:
Srel(ψ|Ω;R) <∞ , 〈ψ|Pu |ψ〉 <∞ (3.27)
where Pu =
∫
v=0 Tuu. We then only ever consider wiggly cuts defined by continuous
functions of the coordinates y along the entangling surface that do not diverge.6 That is
A(y) is such that supy A(y) <∞, infy A(y) > −∞ and similarly for B(y) etc.
6For a CFT a more general discussion is possible, but we do not consider this here.
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Since these functions never diverge any null energy that we define with respect to these
wiggly cuts must be finite because:
PB−A =
∫
v=0
(B(y)−A(y))Tuu , B(y) ≥ A(y) (3.28)
=⇒ [PB−A, Pu] = 0 , & PB−A ≤ Pu sup
y
(B(y)−A(y)) (3.29)
which implies that:
〈ψ|PB−A |ψ〉 ≤ 〈ψ|Pu |ψ〉 sup
y
(B(y)−A(y)) (3.30)
so all the null energies that we can define are finite. Similarly by monotonicity of relative
entropy, any cut that lies entirely inside the Rindler cut R: A(y) ≥ 0, B(y) ≥ 0 etc. implies
that the relative entropies of these wiggly cuts are also finite.
We can now state the following more general QNEC. For B(y) ≥ A(y) and Σ(y) ≥ 0
∂+λ Srel(ψ|Ω;B + λΣ)|λ=0 − ∂−λ Srel(ψ|Ω;A+ λΣ)|λ=0 ≥ 0 (3.31)
This follows because the λ shape variations can be computed using Theorem 1 which then
involves the same positive null energy operator PΣ in both cases. The minimization is then
over a superset for the B cut and the bound in (3.31) follows.
We can also prove the strong super-additivity of relative entropy that was first discussed
in [37]. The advantage gained here is that we can derive this result without ever mentioning
entanglement entropy which is UV divergent. Given two potentially intersecting cuts A,B
we can consider the following one parameter family of cuts 0 ≤ λ ≤ 1:
αλ = A ∪B + λ(B −A ∪B) βλ = A+ λ(A ∩B −A) (3.32)
where A ∩B(y) = max{A(y), B(y)} and A ∪B(y) = min{A(y), B(y)}. Now we have:
A ∩B −A = B −A ∪B = Σ ≥ 0 (3.33)
and βλ ≥ αλ so we can apply the more general QNEC for 0 ≤ λ ≤ 1:
∂λSrel(ψ|Ω;βλ)− ∂λSrel(ψ|Ω;αλ) ≥ 0 (3.34)
almost everywhere as a function of λ. Integrating this (which is allowed by Lipschitz
continuity of the underlying relative entropy) we have:
Srel(ψ|Ω;A ∪B) + Srel(ψ|Ω;A ∩B) ≥ Srel(ψ|Ω;B) + Srel(ψ|Ω;A) (3.35)
which is the strong superadditivity statement for relative entropy.
4 Null Energy of the Flowed State
We aim to prove Lemma 2 in this section. That is we would like to find the form of the
null energy of the modular flowed state. This discussion takes inspiration from some of the
general theorems that go into the theory of half sided modular inclusions, see in particular
[38] and [26]. We split this discussion into two parts. Firstly we consider a special dense
set of states for which the translation operator acts analytically everywhere. We first prove
Lemma 2 for this set of states. We then use a continuity argument for a general state.
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4.1 Entire states
In this part we will work with the following nice set of vectors. This set of states will
be dense in the Hilbert space and a continuity argument will establish the more general
assertions. They are entire vectors for the modular translation group Ua. Entirety is the
statement that:
Ua |ψΛ〉 (4.1)
is a vector that varies analytically with a in the entire complex-a plane. It is clear that
such vectors are dense since we can construct them from some arbitrary vector ψ via:
|ψΛ〉 = ΠΛ |ψ〉 (4.2)
where ΠΛ is a projection operator onto a compact part 0 ≤ λ ≤ Λ of the spectrum of P :
ΠΛ =
∫ Λ
0
dEλ(P ) (4.3)
where P =
∫∞
0 λdEλ(P ) is the spectral resolution of the unbounded postive operator P .
Here Λ can be arbitrarily large, but compactness means that these states are entire vectors.
Indeed these vectors are of exponential type with:
||Ua |ψΛ〉 || < exp(2Λ|a|) (4.4)
They provide good approximations to ψ. Consider a sequence of increasing Λn which limits
to ∞. Let ψn ≡ ZnΠΛnψ where Zn = (〈ψ|ΠΛn |ψ〉)−1/2 . Then we have:
lim
n
|| |ψ〉 − |ψn〉 || = 0 (4.5)
Thus the set of states ψΛ with Λ <∞ is dense in H. Note that the null energy itself varies
continuously for these states:
lim
n
〈ψn|P |ψn〉 = lim
n
Zn
∫ Λn
0
λ 〈ψ| dEλ |ψ〉 = 〈ψ|P |ψ〉 (4.6)
which converges assuming that the initial ψ has finite null energy. When we study prop-
erties of ψn we will often drop the subscript on n and simply assume that ψ is entire. We
will return to labeling these states correctly when we make the continuity argument.
In this section, to lighten the notation we will often use the following shorthand for
the relative modular and associated operators:
∆ψ|Ω = ∆ ∆′ψ|Ω = ∆
′ ∆Ω|ψ = (∆′)−1 (4.7)
Jψ|Ω = J JΩ|ψ = J† Θ′ψ|Ω = Θ
′ Θψ|Ω = Θ (4.8)
where the modular conjugation operators J and the corresponding “conjugation cocycles”
Θ are discussed and defined in Appendix A. As usual, we have dropped the region label
C = Ac since in this section the algebra will either be AC or its complement and we denote
the later with a prime on the modular operator.
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Let us consider the following “structure function”:
g(s, η) ≡ 〈ψs|U−a |ψs〉 = 〈ψ| (∆′)−isU−a(∆′)is |ψ〉 = 〈ψ|∆−isU−as∆is |ψ〉 (4.9)
where:
a = e2piη , as = e
−2pisa = e2pi(η−s) (4.10)
and we will consider the analytic properties of g as a function of the two complex variables
η, s for fixed real positive . The second expression in (4.9) used the algebra of half-sided
modular inclusions (2.10). The eventual goal will be to send → 0. In particular if we can
show that Ps <∞ then we can extract the null energy via:
Ps = lim
→0
g(s, 0)− 1
i
, s ∈ R (4.11)
and this is the reason we study this function. So far we have defined g(s, η) for real s, a but
we will now explore analytic continuations of this function. The utility of complexifying η
will become clear later.
To find the analytic continuation of g we define the following vector valued holomorphic/anti-
holomorphic functions via their inner product with a dense set of states in the Hilbert space:
|ΓI(s, η)〉 :
(
c′ |Ω〉 , |ΓI(s, η)〉
) ≡ (∆is?c′ |Ω〉 , U−as∆is |ψ〉) (4.12)
|ΓII(s?, η?)〉 :
(|ΓII(s?, η?)〉 , c′ |Ω〉) ≡ (∆is? |ψ〉 , U−as∆isc′ |Ω〉) (4.13)
|ΓIII(s?, η?)〉 :
(|ΓIII(s?, η?)〉 , c′ |Ω〉) ≡ ((∆′)is?S′Ω|ψ(c′ |Ω〉), U−a(∆′)is |Ω〉) (4.14)
|ΓIV (s, η)〉 :
(
c′ |Ω〉 , |ΓIV (s, η)〉
) ≡ ((∆′)is? |Ω〉 , U−a(∆′)isS′Ω|ψ(c′ |Ω〉)) (4.15)
where recall that S′Ω|ψ = (∆
′)−1/2J . These vectors have the following properties:
Lemma 4. The above vectors, can be extended to well defined vector valued holomorphic/anti-
holomorphic functions on the Hilbert space in their respective open convex tube region
(s, η) ∈ TI,II,III,IV defined via −∞ < Re(η, s) < ∞ and the imaginary part living in
their respective triangles with corners at:
TI : (Ims, Imη) = {(0, 1/2), (0, 0), (−1/2, 0)} (4.16)
TII : (Ims, Imη) = {(0, 1/2), (0, 0), (1/2, 1/2)} (4.17)
TIII : (Ims, Imη) = {(1/2, 1/2), (1/2, 0), (0, 0)} (4.18)
TIV : (Ims, Imη) = {(−1/2, 1/2), (−1/2, 0), (0, 1/2)} (4.19)
The vectors are weakly continuous on the closure of these triangles and holomorphic/anti-
holomorphic along the (one parameter) set of complex strip sub-regions based on each side
of the triangle. The vectors are thus strongly continuous on the domain of holomorphy.7
The norms of the vectors are bounded by 1 in the closure of their respective domains of
holomorphy. See Figure 3.
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<latexit sha1_base64="MnmSPRHpCMBOte1VexCyy3ed2 tQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQtlst+3S3STuTgol9Hd48aCIV3+MN/+N2zYHbX0w8 Hhvhpl5YSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaeJUM95gsYx1O6SGSxHxBgqUvJ1oTlUoeSsc3c781phrI+LoEScJDxQ dRKIvGEUrBZmvFblXU+JzpN1yxa26c5BV4uWkAjnq3fKX34tZqniETFJjOp6bYJBRjYJJPi35qeEJZSM64B1LI6q4CbL5 0VNyZpUe6cfaVoRkrv6eyKgyZqJC26koDs2yNxP/8zop9q+DTERJijxii0X9VBKMySwB0hOaM5QTSyjTwt5K2JBqytDmVL IheMsvr5LmRdVzq97DZaV2k8dRhBM4hXPw4ApqcAd1aACDJ3iGV3hzxs6L8+58LFoLTj5zDH/gfP4AOmGRuw==</latex it><latexit sha1_base64="MnmSPRHpCMBOte1VexCyy3ed2 tQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQtlst+3S3STuTgol9Hd48aCIV3+MN/+N2zYHbX0w8 Hhvhpl5YSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaeJUM95gsYx1O6SGSxHxBgqUvJ1oTlUoeSsc3c781phrI+LoEScJDxQ dRKIvGEUrBZmvFblXU+JzpN1yxa26c5BV4uWkAjnq3fKX34tZqniETFJjOp6bYJBRjYJJPi35qeEJZSM64B1LI6q4CbL5 0VNyZpUe6cfaVoRkrv6eyKgyZqJC26koDs2yNxP/8zop9q+DTERJijxii0X9VBKMySwB0hOaM5QTSyjTwt5K2JBqytDmVL IheMsvr5LmRdVzq97DZaV2k8dRhBM4hXPw4ApqcAd1aACDJ3iGV3hzxs6L8+58LFoLTj5zDH/gfP4AOmGRuw==</latex it><latexit sha1_base64="MnmSPRHpCMBOte1VexCyy3ed2 tQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQtlst+3S3STuTgol9Hd48aCIV3+MN/+N2zYHbX0w8 Hhvhpl5YSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaeJUM95gsYx1O6SGSxHxBgqUvJ1oTlUoeSsc3c781phrI+LoEScJDxQ dRKIvGEUrBZmvFblXU+JzpN1yxa26c5BV4uWkAjnq3fKX34tZqniETFJjOp6bYJBRjYJJPi35qeEJZSM64B1LI6q4CbL5 0VNyZpUe6cfaVoRkrv6eyKgyZqJC26koDs2yNxP/8zop9q+DTERJijxii0X9VBKMySwB0hOaM5QTSyjTwt5K2JBqytDmVL IheMsvr5LmRdVzq97DZaV2k8dRhBM4hXPw4ApqcAd1aACDJ3iGV3hzxs6L8+58LFoLTj5zDH/gfP4AOmGRuw==</latex it><latexit sha1_base64="MnmSPRHpCMBOte1VexCyy3ed2 tQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQtlst+3S3STuTgol9Hd48aCIV3+MN/+N2zYHbX0w8 Hhvhpl5YSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaeJUM95gsYx1O6SGSxHxBgqUvJ1oTlUoeSsc3c781phrI+LoEScJDxQ dRKIvGEUrBZmvFblXU+JzpN1yxa26c5BV4uWkAjnq3fKX34tZqniETFJjOp6bYJBRjYJJPi35qeEJZSM64B1LI6q4CbL5 0VNyZpUe6cfaVoRkrv6eyKgyZqJC26koDs2yNxP/8zop9q+DTERJijxii0X9VBKMySwB0hOaM5QTSyjTwt5K2JBqytDmVL IheMsvr5LmRdVzq97DZaV2k8dRhBM4hXPw4ApqcAd1aACDJ3iGV3hzxs6L8+58LFoLTj5zDH/gfP4AOmGRuw==</latex it>
Ims
<latexit sha1_base64="E5 eEfg0KwH0JH/LfEb/TKQuZFUk=">AAAB8XicbVA9SwNBEJ2L XzF+RS1tFoNgFe5E0DJoo10EE4PJEfY2m2TJ7t6xOyeEI//C xkIRW/+Nnf/GTXKFJj4YeLw3w8y8KJHCou9/e4WV1bX1jeJm aWt7Z3evvH/QtHFqGG+wWMamFVHLpdC8gQIlbyWGUxVJ/hCN rqf+wxM3VsT6HscJDxUdaNEXjKKTHrOOUeRWTYjtlit+1Z+B LJMgJxXIUe+Wvzq9mKWKa2SSWtsO/ATDjBoUTPJJqZNanlA 2ogPedlRTxW2YzS6ekBOn9Eg/Nq40kpn6eyKjytqxilynoji 0i95U/M9rp9i/DDOhkxS5ZvNF/VQSjMn0fdIThjOUY0coM8L dStiQGsrQhVRyIQSLLy+T5lk18KvB3XmldpXHUYQjOIZTCOA CanADdWgAAw3P8ApvnvVevHfvY95a8PKZQ/gD7/MHBoKQeg= =</latexit><latexit sha1_base64="E5 eEfg0KwH0JH/LfEb/TKQuZFUk=">AAAB8XicbVA9SwNBEJ2L XzF+RS1tFoNgFe5E0DJoo10EE4PJEfY2m2TJ7t6xOyeEI//C xkIRW/+Nnf/GTXKFJj4YeLw3w8y8KJHCou9/e4WV1bX1jeJm aWt7Z3evvH/QtHFqGG+wWMamFVHLpdC8gQIlbyWGUxVJ/hCN rqf+wxM3VsT6HscJDxUdaNEXjKKTHrOOUeRWTYjtlit+1Z+B LJMgJxXIUe+Wvzq9mKWKa2SSWtsO/ATDjBoUTPJJqZNanlA 2ogPedlRTxW2YzS6ekBOn9Eg/Nq40kpn6eyKjytqxilynoji 0i95U/M9rp9i/DDOhkxS5ZvNF/VQSjMn0fdIThjOUY0coM8L dStiQGsrQhVRyIQSLLy+T5lk18KvB3XmldpXHUYQjOIZTCOA CanADdWgAAw3P8ApvnvVevHfvY95a8PKZQ/gD7/MHBoKQeg= =</latexit><latexit sha1_base64="E5 eEfg0KwH0JH/LfEb/TKQuZFUk=">AAAB8XicbVA9SwNBEJ2L XzF+RS1tFoNgFe5E0DJoo10EE4PJEfY2m2TJ7t6xOyeEI//C xkIRW/+Nnf/GTXKFJj4YeLw3w8y8KJHCou9/e4WV1bX1jeJm aWt7Z3evvH/QtHFqGG+wWMamFVHLpdC8gQIlbyWGUxVJ/hCN rqf+wxM3VsT6HscJDxUdaNEXjKKTHrOOUeRWTYjtlit+1Z+B LJMgJxXIUe+Wvzq9mKWKa2SSWtsO/ATDjBoUTPJJqZNanlA 2ogPedlRTxW2YzS6ekBOn9Eg/Nq40kpn6eyKjytqxilynoji 0i95U/M9rp9i/DDOhkxS5ZvNF/VQSjMn0fdIThjOUY0coM8L dStiQGsrQhVRyIQSLLy+T5lk18KvB3XmldpXHUYQjOIZTCOA CanADdWgAAw3P8ApvnvVevHfvY95a8PKZQ/gD7/MHBoKQeg= =</latexit><latexit sha1_base64="E5 eEfg0KwH0JH/LfEb/TKQuZFUk=">AAAB8XicbVA9SwNBEJ2L XzF+RS1tFoNgFe5E0DJoo10EE4PJEfY2m2TJ7t6xOyeEI//C xkIRW/+Nnf/GTXKFJj4YeLw3w8y8KJHCou9/e4WV1bX1jeJm aWt7Z3evvH/QtHFqGG+wWMamFVHLpdC8gQIlbyWGUxVJ/hCN rqf+wxM3VsT6HscJDxUdaNEXjKKTHrOOUeRWTYjtlit+1Z+B LJMgJxXIUe+Wvzq9mKWKa2SSWtsO/ATDjBoUTPJJqZNanlA 2ogPedlRTxW2YzS6ekBOn9Eg/Nq40kpn6eyKjytqxilynoji 0i95U/M9rp9i/DDOhkxS5ZvNF/VQSjMn0fdIThjOUY0coM8L dStiQGsrQhVRyIQSLLy+T5lk18KvB3XmldpXHUYQjOIZTCOA CanADdWgAAw3P8ApvnvVevHfvY95a8PKZQ/gD7/MHBoKQeg= =</latexit>
TII
<latexit sha1_base64="UG hkZ+KpIs3zRfa6OGmpT5npaAs=">AAAB7XicbVDLSgNBEOz 1GeMr6tHLYBA8hV0R9Bj0Ym4R8oJkCbOT2WTMPJaZWSEs+Q cvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//21tY3Nre2 CzvF3b39g8PS0XHLqFQT2iSKK92JsKGcSdq0zHLaSTTFIuK 0HY3vZn77iWrDlGzYSUJDgYeSxYxg66RWo5/VatN+qexX/D nQKglyUoYc9X7pqzdQJBVUWsKxMd3AT2yYYW0Z4XRa7KWGJ piM8ZB2HZVYUBNm82un6NwpAxQr7UpaNFd/T2RYGDMRkesU 2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7HQ2YpsTyiS OYaOZuRWSENSbWBVR0IQTLL6+S1mUl8CvBw1W5epvHUYBTO IMLCOAaqnAPdWgCgUd4hld485T34r17H4vWNS+fOYE/8D5/ AFL9jvM=</latexit><latexit sha1_base64="UG hkZ+KpIs3zRfa6OGmpT5npaAs=">AAAB7XicbVDLSgNBEOz 1GeMr6tHLYBA8hV0R9Bj0Ym4R8oJkCbOT2WTMPJaZWSEs+Q cvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//21tY3Nre2 CzvF3b39g8PS0XHLqFQT2iSKK92JsKGcSdq0zHLaSTTFIuK 0HY3vZn77iWrDlGzYSUJDgYeSxYxg66RWo5/VatN+qexX/D nQKglyUoYc9X7pqzdQJBVUWsKxMd3AT2yYYW0Z4XRa7KWGJ piM8ZB2HZVYUBNm82un6NwpAxQr7UpaNFd/T2RYGDMRkesU 2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7HQ2YpsTyiS OYaOZuRWSENSbWBVR0IQTLL6+S1mUl8CvBw1W5epvHUYBTO IMLCOAaqnAPdWgCgUd4hld485T34r17H4vWNS+fOYE/8D5/ AFL9jvM=</latexit><latexit sha1_base64="UG hkZ+KpIs3zRfa6OGmpT5npaAs=">AAAB7XicbVDLSgNBEOz 1GeMr6tHLYBA8hV0R9Bj0Ym4R8oJkCbOT2WTMPJaZWSEs+Q cvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//21tY3Nre2 CzvF3b39g8PS0XHLqFQT2iSKK92JsKGcSdq0zHLaSTTFIuK 0HY3vZn77iWrDlGzYSUJDgYeSxYxg66RWo5/VatN+qexX/D nQKglyUoYc9X7pqzdQJBVUWsKxMd3AT2yYYW0Z4XRa7KWGJ piM8ZB2HZVYUBNm82un6NwpAxQr7UpaNFd/T2RYGDMRkesU 2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7HQ2YpsTyiS OYaOZuRWSENSbWBVR0IQTLL6+S1mUl8CvBw1W5epvHUYBTO IMLCOAaqnAPdWgCgUd4hld485T34r17H4vWNS+fOYE/8D5/ AFL9jvM=</latexit><latexit sha1_base64="UG hkZ+KpIs3zRfa6OGmpT5npaAs=">AAAB7XicbVDLSgNBEOz 1GeMr6tHLYBA8hV0R9Bj0Ym4R8oJkCbOT2WTMPJaZWSEs+Q cvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//21tY3Nre2 CzvF3b39g8PS0XHLqFQT2iSKK92JsKGcSdq0zHLaSTTFIuK 0HY3vZn77iWrDlGzYSUJDgYeSxYxg66RWo5/VatN+qexX/D nQKglyUoYc9X7pqzdQJBVUWsKxMd3AT2yYYW0Z4XRa7KWGJ piM8ZB2HZVYUBNm82un6NwpAxQr7UpaNFd/T2RYGDMRkesU 2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7HQ2YpsTyiS OYaOZuRWSENSbWBVR0IQTLL6+S1mUl8CvBw1W5epvHUYBTO IMLCOAaqnAPdWgCgUd4hld485T34r17H4vWNS+fOYE/8D5/ AFL9jvM=</latexit>
TI
<latexit sha1_base64="uH yXclyXjRIGKtofyoapunxWvWU=">AAAB7HicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPRi94qNG2hDWWznbRLN5uwuxFK6G /w4kERr/4gb/4bt20OWn0w8Hhvhpl5YSq4Nq775ZTW1jc2 t8rblZ3dvf2D6uFRWyeZYuizRCSqG1KNgkv0DTcCu6lCGoc CO+Hkdu53HlFpnsiWmaYYxHQkecQZNVbyW4P8fjao1ty6uw D5S7yC1KBAc1D97A8TlsUoDRNU657npibIqTKcCZxV+pnGl LIJHWHPUklj1EG+OHZGzqwyJFGibElDFurPiZzGWk/j0HbG 1Iz1qjcX//N6mYmug5zLNDMo2XJRlAliEjL/nAy5QmbE1B LKFLe3EjamijJj86nYELzVl/+S9kXdc+vew2WtcVPEUYYTO IVz8OAKGnAHTfCBAYcneIFXRzrPzpvzvmwtOcXMMfyC8/EN vZ6OoA==</latexit><latexit sha1_base64="uH yXclyXjRIGKtofyoapunxWvWU=">AAAB7HicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPRi94qNG2hDWWznbRLN5uwuxFK6G /w4kERr/4gb/4bt20OWn0w8Hhvhpl5YSq4Nq775ZTW1jc2 t8rblZ3dvf2D6uFRWyeZYuizRCSqG1KNgkv0DTcCu6lCGoc CO+Hkdu53HlFpnsiWmaYYxHQkecQZNVbyW4P8fjao1ty6uw D5S7yC1KBAc1D97A8TlsUoDRNU657npibIqTKcCZxV+pnGl LIJHWHPUklj1EG+OHZGzqwyJFGibElDFurPiZzGWk/j0HbG 1Iz1qjcX//N6mYmug5zLNDMo2XJRlAliEjL/nAy5QmbE1B LKFLe3EjamijJj86nYELzVl/+S9kXdc+vew2WtcVPEUYYTO IVz8OAKGnAHTfCBAYcneIFXRzrPzpvzvmwtOcXMMfyC8/EN vZ6OoA==</latexit><latexit sha1_base64="uH yXclyXjRIGKtofyoapunxWvWU=">AAAB7HicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPRi94qNG2hDWWznbRLN5uwuxFK6G /w4kERr/4gb/4bt20OWn0w8Hhvhpl5YSq4Nq775ZTW1jc2 t8rblZ3dvf2D6uFRWyeZYuizRCSqG1KNgkv0DTcCu6lCGoc CO+Hkdu53HlFpnsiWmaYYxHQkecQZNVbyW4P8fjao1ty6uw D5S7yC1KBAc1D97A8TlsUoDRNU657npibIqTKcCZxV+pnGl LIJHWHPUklj1EG+OHZGzqwyJFGibElDFurPiZzGWk/j0HbG 1Iz1qjcX//N6mYmug5zLNDMo2XJRlAliEjL/nAy5QmbE1B LKFLe3EjamijJj86nYELzVl/+S9kXdc+vew2WtcVPEUYYTO IVz8OAKGnAHTfCBAYcneIFXRzrPzpvzvmwtOcXMMfyC8/EN vZ6OoA==</latexit><latexit sha1_base64="uH yXclyXjRIGKtofyoapunxWvWU=">AAAB7HicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPRi94qNG2hDWWznbRLN5uwuxFK6G /w4kERr/4gb/4bt20OWn0w8Hhvhpl5YSq4Nq775ZTW1jc2 t8rblZ3dvf2D6uFRWyeZYuizRCSqG1KNgkv0DTcCu6lCGoc CO+Hkdu53HlFpnsiWmaYYxHQkecQZNVbyW4P8fjao1ty6uw D5S7yC1KBAc1D97A8TlsUoDRNU657npibIqTKcCZxV+pnGl LIJHWHPUklj1EG+OHZGzqwyJFGibElDFurPiZzGWk/j0HbG 1Iz1qjcX//N6mYmug5zLNDMo2XJRlAliEjL/nAy5QmbE1B LKFLe3EjamijJj86nYELzVl/+S9kXdc+vew2WtcVPEUYYTO IVz8OAKGnAHTfCBAYcneIFXRzrPzpvzvmwtOcXMMfyC8/EN vZ6OoA==</latexit>
TIII
<latexit sha1_base64="1O wnYtRu/jv5pRaRMONfKaazyzs=">AAAB7nicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPRi71V6Be0oWy2m3bpZhN2J0IJ/R FePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLG5tb2 TnG3tLd/cHhUPj5pmzjVjLdYLGPdDajhUijeQoGSdxPNaRR I3gkm93O/88S1EbFq4jThfkRHSoSCUbRSpznI6vX6bFCuuF V3AbJOvJxUIEdjUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91 PCEsgkd8Z6likbc+Nni3Bm5sMqQhLG2pZAs1N8TGY2MmUaB 7Ywojs2qNxf/83ophrd+JlSSIldsuShMJcGYzH8nQ6E5Qz m1hDIt7K2EjammDG1CJRuCt/ryOmlfVT236j1eV2p3eRxFO INzuAQPbqAGD9CAFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz +QPomI9G</latexit><latexit sha1_base64="1O wnYtRu/jv5pRaRMONfKaazyzs=">AAAB7nicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPRi71V6Be0oWy2m3bpZhN2J0IJ/R FePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLG5tb2 TnG3tLd/cHhUPj5pmzjVjLdYLGPdDajhUijeQoGSdxPNaRR I3gkm93O/88S1EbFq4jThfkRHSoSCUbRSpznI6vX6bFCuuF V3AbJOvJxUIEdjUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91 PCEsgkd8Z6likbc+Nni3Bm5sMqQhLG2pZAs1N8TGY2MmUaB 7Ywojs2qNxf/83ophrd+JlSSIldsuShMJcGYzH8nQ6E5Qz m1hDIt7K2EjammDG1CJRuCt/ryOmlfVT236j1eV2p3eRxFO INzuAQPbqAGD9CAFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz +QPomI9G</latexit><latexit sha1_base64="1O wnYtRu/jv5pRaRMONfKaazyzs=">AAAB7nicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPRi71V6Be0oWy2m3bpZhN2J0IJ/R FePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLG5tb2 TnG3tLd/cHhUPj5pmzjVjLdYLGPdDajhUijeQoGSdxPNaRR I3gkm93O/88S1EbFq4jThfkRHSoSCUbRSpznI6vX6bFCuuF V3AbJOvJxUIEdjUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91 PCEsgkd8Z6likbc+Nni3Bm5sMqQhLG2pZAs1N8TGY2MmUaB 7Ywojs2qNxf/83ophrd+JlSSIldsuShMJcGYzH8nQ6E5Qz m1hDIt7K2EjammDG1CJRuCt/ryOmlfVT236j1eV2p3eRxFO INzuAQPbqAGD9CAFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz +QPomI9G</latexit><latexit sha1_base64="1O wnYtRu/jv5pRaRMONfKaazyzs=">AAAB7nicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPRi71V6Be0oWy2m3bpZhN2J0IJ/R FePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLG5tb2 TnG3tLd/cHhUPj5pmzjVjLdYLGPdDajhUijeQoGSdxPNaRR I3gkm93O/88S1EbFq4jThfkRHSoSCUbRSpznI6vX6bFCuuF V3AbJOvJxUIEdjUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91 PCEsgkd8Z6likbc+Nni3Bm5sMqQhLG2pZAs1N8TGY2MmUaB 7Ywojs2qNxf/83ophrd+JlSSIldsuShMJcGYzH8nQ6E5Qz m1hDIt7K2EjammDG1CJRuCt/ryOmlfVT236j1eV2p3eRxFO INzuAQPbqAGD9CAFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz +QPomI9G</latexit>
TIV
<latexit sha1_base64="Wa SiGG8DbRgnIPNkv7m9kTF3XYo=">AAAB7XicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPRi94qtGmhDWWz3bRrN7thdyOU0P /gxYMiXv0/3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y 3CpvV3Z29/YPqodHvpapIrRNJJeqG2JNORO0bZjhtJsoiuO Q0044uc39zhNVmknRMtOEBjEeCRYxgo2V/NYgu/dng2rNrb tzoFXiFaQGBZqD6ld/KEkaU2EIx1r3PDcxQYaVYYTTWaWfa ppgMsEj2rNU4JjqIJtfO0NnVhmiSCpbwqC5+nsiw7HW0zi0 nTE2Y73s5eJ/Xi810XWQMZGkhgqyWBSlHBmJ8tfRkClKDJ 9agoli9lZExlhhYmxAFRuCt/zyKvEv6p5b9x4ua42bIo4yn MApnIMHV9CAO2hCGwg8wjO8wpsjnRfn3flYtJacYuYY/sD5 /AFmvo8A</latexit><latexit sha1_base64="Wa SiGG8DbRgnIPNkv7m9kTF3XYo=">AAAB7XicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPRi94qtGmhDWWz3bRrN7thdyOU0P /gxYMiXv0/3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y 3CpvV3Z29/YPqodHvpapIrRNJJeqG2JNORO0bZjhtJsoiuO Q0044uc39zhNVmknRMtOEBjEeCRYxgo2V/NYgu/dng2rNrb tzoFXiFaQGBZqD6ld/KEkaU2EIx1r3PDcxQYaVYYTTWaWfa ppgMsEj2rNU4JjqIJtfO0NnVhmiSCpbwqC5+nsiw7HW0zi0 nTE2Y73s5eJ/Xi810XWQMZGkhgqyWBSlHBmJ8tfRkClKDJ 9agoli9lZExlhhYmxAFRuCt/zyKvEv6p5b9x4ua42bIo4yn MApnIMHV9CAO2hCGwg8wjO8wpsjnRfn3flYtJacYuYY/sD5 /AFmvo8A</latexit><latexit sha1_base64="Wa SiGG8DbRgnIPNkv7m9kTF3XYo=">AAAB7XicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPRi94qtGmhDWWz3bRrN7thdyOU0P /gxYMiXv0/3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y 3CpvV3Z29/YPqodHvpapIrRNJJeqG2JNORO0bZjhtJsoiuO Q0044uc39zhNVmknRMtOEBjEeCRYxgo2V/NYgu/dng2rNrb tzoFXiFaQGBZqD6ld/KEkaU2EIx1r3PDcxQYaVYYTTWaWfa ppgMsEj2rNU4JjqIJtfO0NnVhmiSCpbwqC5+nsiw7HW0zi0 nTE2Y73s5eJ/Xi810XWQMZGkhgqyWBSlHBmJ8tfRkClKDJ 9agoli9lZExlhhYmxAFRuCt/zyKvEv6p5b9x4ua42bIo4yn MApnIMHV9CAO2hCGwg8wjO8wpsjnRfn3flYtJacYuYY/sD5 /AFmvo8A</latexit><latexit sha1_base64="Wa SiGG8DbRgnIPNkv7m9kTF3XYo=">AAAB7XicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPRi94qtGmhDWWz3bRrN7thdyOU0P /gxYMiXv0/3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y 3CpvV3Z29/YPqodHvpapIrRNJJeqG2JNORO0bZjhtJsoiuO Q0044uc39zhNVmknRMtOEBjEeCRYxgo2V/NYgu/dng2rNrb tzoFXiFaQGBZqD6ld/KEkaU2EIx1r3PDcxQYaVYYTTWaWfa ppgMsEj2rNU4JjqIJtfO0NnVhmiSCpbwqC5+nsiw7HW0zi0 nTE2Y73s5eJ/Xi810XWQMZGkhgqyWBSlHBmJ8tfRkClKDJ 9agoli9lZExlhhYmxAFRuCt/zyKvEv6p5b9x4ua42bIo4yn MApnIMHV9CAO2hCGwg8wjO8wpsjnRfn3flYtJacYuYY/sD5 /AFmvo8A</latexit>
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Figure 3. Domains of holomorphy for the various vectors ΓI,II,III,IV discussed in Lemma 4.
Shown are the regions in the imaginary plane upon which the complex tube regions are based with
−∞ < Re(η, s) <∞. We have also used different colors to show where the resulting function g(s, η)
defined via Lemma 5 (see (4.48) and (4.60)) is bounded (blue) or not uniformly bounded (pink).
The function is still bounded on compact subsets. The star marks a particularly well behaved point
for g since the function is real and monotonic as a function of . If one identifies the top and
bottom via s ≡ s+ i then the green lines become branch cuts. The right figure is for q(η, s) defined
in the proof of Lemma 7, see (4.81). As → 0 the left and right functions are related in such away
that they must become a periodic function under s→ s+ i.
Proof. Firstly it is useful to note that the triangular regions are distinguished by the
following condition:
TI,II : Im(as) > 0 TIII,IV : Im(as) < 0 (4.20)
We now work out explicitly the ΓI case and quickly sketch the other cases which follow
the same procedure. We follow the general strategy of Araki [43, 54], see for example
Appendix A.2 of [55]. Consider (s, η) ∈ TI and define:
GI(s, η) =
(
∆is
?
c′ |Ω〉 , U−as∆is |ψ〉
)
(4.21)
This function is holomorphic in TI because U−as is a holomorphic and bounded operator
there, ||U−as || ≤ 1, and also because the vectors ∆is?c′Ω/∆isψ vary anti-holomorphically/
holomorphically in the strip −1/2 < Im(s) < 0 which is a standard result of Tomita-
7Recall that strong continuity of a vector uses the Hilbert space norm and weak continuity demands
that the inner product with any fixed vector is continuous. A weakly continuous vector valued holomorphic
function can be shown to be strongly continuous via the Cauchy integral formula.
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Takesaki theory applied to the relative modular operators.8 Note that GI is continuous on
the closure of TI due to standard results in Tomita-Takesaki theory and the fact that U−as
is continuous in the strong operator topology there. We also have the bound
|GI(t+ iθ, η)| ≤ ||∆θc′ |Ω〉 || ||∆−θ |ψ〉 || − 1/2 ≤ θ ≤ 0 (4.22)
which is uniform as a function of (s, η) ∈ Γ¯I (the closure of the trangle) but may not
be uniform as a function of the state c′ |Ω〉 (after dividing by ||c′ |Ω〉 ||.) We will give an
improved bound next where this is the case.
Note that GI is uniformly bounded at the following edge of the triangle:
|GI(t, η)| ≤ ||pi′(ψ)c′ |Ω〉 || ≤ ||c′ |Ω〉 || t ∈ R , η ∈ S¯(0, 1/2) (4.23)
since ||U−as || ≤ 1. We have used the fact that ∆is−is = pi′(ψ) and pi′(ψ) ≤ 1. We have
defined the complex strip:
z ∈ S(a, b) : a < Imz < b , −∞ < Rez <∞ (4.24)
and where S¯ includes the boundaries: a ≤ Imz ≤ b.
Along s = t− i/2, for real t, we can compute:
GI(t− i/2, η) =
(
∆it−1/2c′ |Ω〉 , Uat∆itJΩ|ψpi(ψ) |Ω〉
)
(4.25)
=
(
∆it−1/2c′ |Ω〉 , Uat∆itΘ′ |Ω〉
)
(4.26)
=
(
∆it−1/2c′ |Ω〉 , Uat∆itΘ′∆−itΩ U−at |Ω〉
)
(4.27)
=
(
∆it−1/2c′ |Ω〉 , α′ |Ω〉
)
(4.28)
=
(
∆itc′ |Ω〉 , (∆′Ω|ψ)1/2α′ |Ω〉
)
(4.29)
=
(
∆itc′ |Ω〉 , J ′(α′)† |ψ〉
)
=
(
(α′)† |ψ〉 , J∆itc′ |Ω〉
)
(4.30)
= 〈ψ|Uat∆itΘ′U−a(∆′Ω)it(∆′)−itJ(c′ |Ω〉) (4.31)
where in the first line we used the fact that the support of JΩ|ψ is pi(ψ) so we can just
drop the projector. In the third line we inserted a translation and a boost which leave the
vacuum invariant. In the fourth line we defined:
α′ = Uat∆
itΘ′∆−itΩ U−at ∈ A′C−at ⊂ A
′
C (4.32)
and we used the fact that α′ ∈ A′C so we could pass the ∆−1/2 to the right as we did in line
5 above. In line 6 we used J ′ = J† (see (A.30)) along with the definition of the hermitian
conjugate of an anti-linear operator and in the last line we used (A.29).
The result is again bounded since these operators are partial isometries or anti-linear
equivalents giving:
|GI(t− i/2, η)| ≤ ||c′ |Ω〉 || t ∈ R , a > 0 (4.33)
8This works for a domain twice the size of TI , however the necessary bound below, as far as we are
aware, does not extend beyond TI .
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where we have droped various occurrences of support projectors using pi(ψ), pi(ψ′) ≤ 1.
The bound in (4.33) applies to one of the corners of the triangle, and (4.23) applies along
the opposite edge of the triangle. We can thus consider the following two real parameter
set of complex strips which sit between one corner of the triangle and the opposite edge:
F (h,κ)(s) ≡ GI(s, h+ κ(s+ i/2)) s ∈ S(−1/2, 0) , h, κ ∈ R (4.34)
where the resulting function of s is holomorphic. We consider 0 ≤ κ ≤ 1 and in particular
κ labels the point of intersection with the top edge of the triangle: at Ims = 0 we have
Imη = κ/2. The function F (h,κ)(s), for fixed (h, κ), is bounded by ≤ ||c′ |Ω〉 || at the edges
of the strip. Then, via the Phragme´n-Lindelo¨f principle, this later bound applies inside the
s-strip. This applies for all values of h ∈ R, 0 ≤ κ ≤ 1 and so it applies everywhere in the
tube region ΓI including at the boundaries. See Figure 4.
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Figure 4. Substrips of TI parameterized by κ and h and defined via η = h + κ(s + i/2) with
s ∈ S(−1/2, 0). The function F (h,κ)(s) on this strip is uniformly bounded by ||c′ |Ω〉 || on the edges
so it is uniformly bounded in the bulk.
Thus we may interpret GI(s, η) as a bounded anti-linear functional on a dense set of
states in the Hilbert space. Such a functional can be extended to the full Hilbert space
as follows. Consider a sequence of states that converges c′n |Ω〉 → |φ〉 in the Hilbert space
norm. Then we have a convergent Cauchy sequence of functions: G
(c′nΩ)
I (s, η)
|G(c′nΩ)I (s, η)−G(c
′
mΩ)
I (s, η)| ≤ ||c′n |Ω〉 − c′m |Ω〉 || → 0 (4.35)
that then must converge to a unique G
(φ)
I (s, η) which is now an anti-linear functional on
the entire Hilbert space. This then defines a vector |ΓI(s, η)〉 in the Hilbert space with the
properties that it is norm bounded by 1 and
G
(c′Ω)
I (s, η) =
(
c′ |Ω〉 , |ΓI(s, η)〉
)
(4.36)
for all c′ ∈ A′C . This vector is (weakly) continuous and holomorphic in the same regions as
the bounded functions that define it - since the sequence in (4.35) is uniformly convergent
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in s, η. Explicitly this means that |ΓI(s, η)〉 is holomorphic (and thus strongly continuous)
inside the two complex dimensional domain TI , holomorphic inside the appropriate set
of one complex dimensional strips that lie along the edges of TI and weakly continuous
everywhere in the closure of the tube region T¯I .
A similar analysis works for ΓII,III,IV , and we simply summarize some of the interme-
diate steps. We define:
GII(s, η) =
(
∆is
? |ψ〉 , U−as∆isc′ |Ω〉
)
(4.37)
which is bounded and holomorphic in TII . The uniform bound by ||c′ |Ω〉 || can be found
by examining one of the corners of the triangle as well as the opposite side of the triangle:
GII(t+ i/2, η) =
(
J(c′ |Ω〉), (∆′)it∆itΩU−a(Θ′)†∆−itUat |ψ〉
)
, a < 0 (4.38)
GII(t, η) = 〈ψ|∆−itU−at∆itc′ |Ω〉 , η ∈ S¯(0, 1/2) (4.39)
which we use to prove uniform bounds in T¯II which allows us to extend GII to the full
Hilbert space.
Continuing we have:
GIII(s, η) =
(
(∆′)is
?
S′Ω|ψ(c
′ |Ω〉), U−a(∆′)is |Ω〉
)
(4.40)
which is bounded and holomorphic in TIII . The uniform bound in the state again comes
from examining one of the corners of the triangle, and the opposite edge:
GIII(t+ i/2, η) =
(
J(c′ |Ω〉), (∆′)−itU−a(∆′)it(Θ′)† |ψ〉
)
, η ∈ S¯(0, 1/2) (4.41)
GIII(t, η) = 〈ψ| (∆′)−itU−a(∆′)itUatc′ |Ω〉 , a > 0 (4.42)
Since this works a bit differently to GI we give the details of the last equality above:
GIII(t, η) = 〈ψ| c′(∆′)−itU−a(∆′)it |Ω〉 (4.43)
= 〈ψ| c′ [(∆′)−itU−a(∆′)it(∆′Ω)−itUa(∆′Ω)it] |Ω〉 (4.44)
where it is not hard to see that the object in square brackets is an operator in ACa ⊂ AC
for a > 0. Thus we can commute c′ through to act on |Ω〉 and reproduce (4.42).
And finally for:
GIV (s, η) =
(
(∆′)is
? |Ω〉 , U−a(∆′)isS′Ω|ψ(c′ |Ω〉)
)
(4.45)
we need to examine:
GIV (t− i/2, η) =
(
J |ψ〉 , (∆′)−itU−a(∆′)itJ(c′ |Ω〉)
)
, η ∈ S¯(0, 1/2) (4.46)
GIV (t, η) = 〈Ω| (c′)†Uat(∆′)−itU−a(∆′)it |ψ〉 , a < 0 (4.47)
Following the same procedure as for ΓI we find the desired holomorphy, bound and conti-
nuity properties for all four cases.
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We now use these vectors to give an analytic continuation of the structure function
g(s, η). That is:
Lemma 5. The following function of two complex variables:
g(s, η) =

〈ψ| ΓI(s, η)〉 (s, η) ∈ T I
〈ΓII(s?, η?)| ψ〉 (s, η) ∈ T II
〈ΓIII(s?, η?)|U−as |ψ〉 (s, η) ∈ T III
〈ψ|U−as |ΓIV (s, η)〉 (s, η) ∈ T IV
(4.48)
is holomorphic in the interior of B = T I ∪ T II ∪ T III ∪ T IV = S¯(−1/2, 1/2) × S¯(0, 1/2)
and continuous everywhere in B. We can give the following explicit form along complex
sub-strips:
g(s, η) =

〈ψ|Uat∆itΘ′U−a(Θ′)†∆−it |ψ〉 s = t− i/2
〈ψ|∆−itU−at∆it |ψ〉 s = t
〈ψ|∆itΘ′U−a(Θ′)†∆−itUat |ψ〉 s = t+ i/2
(4.49)
where η ∈ S¯(0, 1/2) and t ∈ R for all of these cases. This then represents the desired
analytic continuation of the original function (4.9).
Proof. In the respective triangular open tube regions we have holomorpy as well as con-
tinuity in the closure. This later fact follows since U−as |ψ〉 (being entire) is a strongly
continuous vector and it is easy to show that the inner product of a bounded weakly
continuous vector with a strongly continuous vector results in a continuous function.
So to show that g(s, η) is holomorphic inside B we need to compare, for consistency,
the function on the overlapping regions where it has multiple definitions. Then we can
apply the edge of the wedge theorem which then tells us that we can extend the region of
holomorphy across these overlaps.9
The strip η ∈ S¯(0, 1/2) with s = t real is obvious. For the complex strips defined by the
lines at 450 in Figure 3 we just need to compare the different definitions at the boundaries
of this diagonal strip. This is because we know both definitions are holomorphic along this
diagonal strip, continuous and bounded in the closure implying both definitions in the bulk
of the strip are determined by the boundary values. To see this, an explicit formula can
be worked out by considering:
g(s, h+ s) = −i
∫
C
dt
(e2pis + i)
(e2pit + i)
(
1− e2pi(s−t))g(t, h+ t) (4.50)
where C circles the pole at t = s ∈ S(0, 1/2) in the clockwise direction and for the
complex strip under consideration h is fixed and real. We can deform the contour C
9The multi-dimensional edge of the wedge theorem is overkill here, we can apply the one dimensional
edge of the wedge theorem along η-strips at fixed s or equivalently s-strips at fixed η. The result is a
function g(s, η) that is holomorphic in one of the variables when the other one is held fixed, which by
Hartog’s theorem is holomorphic in both variables.
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to the boundaries of the strip at Imt = 0, 1/2 because the kernel decays exponentially at
large t→ ±∞ and |g(s, η)| ≤ 1 along this strip, so we can drop the “vertical” segments of C
at ±∞. We have also used the fact that we can take the limit of the “horizontal” segment
to the boundary of the strips thanks to continuity of g and the dominated convergence
theorem where the dominating integrable function is obtained by replacing |g(t, η)| → 1
and taking the magnitude of the kernel in (4.50). Note that this kernel in (4.50) was
constructed by mapping the strip in the t plane to the unit disk via z = 1/(1 + ie−2pit) and
applying the Cauchy integral formula there.
So to reiterate we just need compare definitions on the edges of the diagonal strips.
For example, for the lower diagonal line in Fig 3, starting with the definition in terms of
ΓIV at s = −i/2 + t and a > 0:
(IV ) : g(t− i/2, η) =
(
J†(∆′)−itU−a(∆′)itJ(U−at |ψ〉), |ψ〉
)
(4.51)
where we used (4.46). Now using,
J†(∆′)−itU−a(∆′)itJ = ∆itΘ′Ua(Θ′)†∆−it (4.52)
which follows from (A.29), (A.60) and (2.10), we find:
(IV ) : g(t− i/2, η) = 〈ψ|Uat∆itΘ′U−a(Θ′)†∆−it |ψ〉 (4.53)
This reproduces the definition with ΓI along this line, using (4.31):
(I) : g(t− i/2, η) = 〈ψ|Uat∆itΘ′U−a(∆′Ω)it(∆′)−it(Θ′)† |ψ〉 (4.54)
= 〈ψ|Uat∆itΘ′U−a(Θ′)†(∆′Ω)it(∆′)−it |ψ〉 (4.55)
= 〈ψ|Uat∆itΘ′U−a(Θ′)†∆−it∆itψpi′(ψ) |ψ〉 = (4.53) (4.56)
where in the second line we used the fact that (∆′Ω)
it(∆′)−it ∈ AC so it commutes with
(Θ′)† and in the last line we used the co-cycle relation (A.51).
Agreement for s = t real and a < 0 is clear from (4.47). Thus we must have agree-
ment along the strip based on the diagonal line from (Ims, Imη) = {(0, 1/2), (−1/2, 0)}.
Agreement along the upper diagonal line in Figure 3 follows similar reasoning.
Notice that the function g(s, η) is not uniformly bounded over the full domain where
it is defined. Instead we have:
|g(s, η)| ≤ 1 (s, η) ∈ T I ∪ T II (4.57)
|g(s, η)| ≤ ||U−as |ψ〉 || = (〈ψ| exp(−2P Im(as)) |ψ〉)1/2 (s, η) ∈ T III ∪ T IV (4.58)
where we have used the fact that these states are entire states in order to compute the
norm in the second equation above. If the entire state ψ has bounded spectral support for
P up to Λ then this later estimate becomes:
|g(s, η)| ≤ e−ImasΛ (s, η) ∈ T III ∪ T IV (4.59)
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Let us define the following function:
gˆ(s, η) ≡ 1− g(s, η)

,  > 0 , (s, η) ∈ S¯(−1/2, 1/2)× S¯(0, 1/2) (4.60)
where we will still use a = e2piη. We are now in a position to show:
Lemma 6. The following limit exists:
γ(s, η) = lim
→0+
gˆ(s, η) <∞ (4.61)
uniformly (and holomorphically) for compact subsets of
S(−1/2, 1/2)× S(0, 1/2) 3 (s, η) (4.62)
where γ(s, η) is a holomorphic function on this same region.
Proof. We start by examining the complex strip defined by η = i/4 + h for fixed real h
and s ∈ S(−1/2, 1/2). We consider a bounded open subregion C ⊂ S(−1/2, 1/2) that
intersects the real axis and s = 0. Then, in light of the bound (4.57)-(4.59), we can show
that:
Regˆ(s, η) ≥ min
{
1− ||U−as |ψ〉 ||

, 0
}
≥ 1−
√〈ψ| exp(2PmC) |ψ〉

(4.63)
≥ 1− exp(ΛmC)

≥ 1− exp(Λ0mC)
0
 < 0 (4.64)
where mC = max{0, sup{−Re exp(2pi(h− s)); s ∈ C}}. It follows from the bound on the
real part that
y(s) = exp(−gˆ(s, i/4 + h)) (4.65)
are all uniformly bounded holomorphic function of s in C and 0 <  < 0.
Along the real s axis with s = t for t ∈ R we can evaluate the function explicility:
gˆ(t, i/4 + h) = 〈ψ|∆−it
(
1− exp(−e2pi(h−t)P )

)
∆it |ψ〉 (4.66)
from which we have the following monotonicity result:
gˆ(t, i/4 + h) ≥ gˆ′(t, i/4 + h) ,  < ′ (4.67)
implying that y(t) ≤ y′(t) for  < ′. Thus for fixed real s the set of functions y labelled
by  are real and positive, monotonically decreasing as a function of → 0, and bounded.
This guarantees pointwise convergence along the real s-axis (possibly to zero - which would
mean that gˆ diverges, a possibility we will shortly rule out.)
We now consider a sequence of the functions yn labelled by an arbitrary sequence of
real numbers n > 0 that converges to zero. If we can show that any such sequence of
functions converges uniformly in s to the same function then this function is the uniform
limit of y(s) for lim→0.
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Bounded sequences of holomorphic functions behave well under limits due to Montel’s
theorem [56] which guarantees the existence of a sub-sequence nm that converges uniformly
on compact subsets of C to some holomorphic function. This in turn can be used to prove
the Vitali-Porter theorem [56], which we will apply repeatedly: Sequences of holomorphic
functions, uniformly bounded in some region C, that converge pointwise on a non-discrete
subset of C necessarily converge uniformly on compact subset of C to a fixed holomorphic
function. This later holomorphic function is the one appearing in Montel’s theorem.
We know from the discussion around (4.67) that any such sequence yn converges along
s = t real and this is a non-discrete subset of C, which then guarantees uniform convergence
for compact subsets of C via Vitali’s theorem. We can then extend this in the obvious way
by again applying Vitali’s theorem, to compact subsets of the strip s ∈ S(−1/2, 1/2) all at
fixed η = i/4 + h.
We must show that the limit function is the same for any two sequences n and 
′
n
positive and converging to 0. We can combine these two sequences to ′′k = k/2 for k even
and ′′k = 
′
(k+1)/2 for k odd. The combined sequence of functions y′′k must converge to
some holomorphic function on compacts and any subsequence must converge to the same
holomorphic function. We thus have:
lim
→0+
y(s) ≡ y0(s)
(
= exp(−γ(s, i/4 + h))) s ∈ S(−1/2, 1/2) (4.68)
uniformly on compacts.
We also need that the limiting function y0(s) is nowhere vanishing in S(−1/2, 1/2)
(otherwise γ would be infinite at that point). Indeed this follows since for a sequence of
holomorphic functions yn(s) that are nowhere vanishing and that converge uniformly to a
holomorphic function, the limit y0(s) either vanishes everywhere or nowhere.
10 The former
possibility is discounted since we know for a state ψ with finite null energy then the limit
at s = 0 exists:
lim
→0+
gˆ(0, i/4 + h) = lim
→0+
〈ψ|
(
1− exp(−e2pihP )

)
|ψ〉 = Pψe2pih <∞ (4.69)
It is now easy to extend the existence of this limit to compact subsets of the two
complex dimensional tube region. Consider a bounded open subregion D ⊂ S(−1/2, 1/2)×
S(0, 1/2) then we have the same estimate as in (4.63) and (4.64) with mC → mD and
mD = max{0, sup{−Im exp(2pi(η − s)); (s, η) ∈ D}} (4.70)
So we can continue to apply Vitali’s theorem.
Consider the η-strips with s fixed and η ∈ S(0, 1/2). Above we have shown point-
wise convergence of gˆ(s, η) along the line η = i/4 + h in this new complex strip. Again
by Vitali’s theorem, since e−gˆ is uniformly bounded on D (for  < 0) we must have
10The proof of this follows by considering the topological invariant that counts the zeros enclosed in some
subset Γ ⊂ C: 2piiN =
∫
∂Γ
ds (y′(s)/y(s)) of a holomorphic function. If the limiting function vanishes
at some discrete point inside Γ then for small enough Γ we have, by uniform convergence applied to the
integral, lim→0 N = 1. This contradicts the original assumption which gives N = 0 for all .
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uniform convergence on compact subsets of D intersected with the η-strip. 11 This ex-
tends to the full η strip at fixed s. Criss crossing the two dimensional complex domain
S(−1/2, 1/2) × S(0, 1/2) in this way and by using either complex strips in the s plane or
the η plane we arrive at uniform convergence on compacts to a limit function e−γ(s,η) that
is nowhere vanishing and holomorphic in each variable s, η separately. Hartog’s Theorem
then guarantees this is a holomorphic function of both variables. This proves the assertion.
Corollary 3. The ANE of the flowed state, Ps, is finite and can be extracted from the
limit function which has the following properties:
γ(s, η) = e2piηρ(s) , (4.71)
where ρ(s) is analytic in the strip s ∈ S(−1/2, 1/2) and where:
Ps = iρ(s) , s ∈ R (4.72)
It also satisfies the bound:
Reγ(s, η) ≥
{
0 , (η, s) ∈ T I ∪ T II
Im(e2pi(η−s))Pψ , (η, s) ∈ T III ∪ T IV
(4.73)
Proof. Since we know from Lemma 6 that the limit → 0 is finite at η = i/4 + h for real t
this already tells us that the ANE of the flowed state is finite:
lim
→0
gˆ(t, i/4 + h) = lim
→0+
∫ ∞
0
1− e−e2pihλ

d 〈ψt|Eλ(P ) |ψt〉 (4.74)
= e2pihPt <∞ (4.75)
by the monotone convergence theorem for the Lebesgue integral. Knowing this is finite we
can then show that the limit exists for all complex 0 ≤ Imη ≤ 1/2 (inclusive!) and real t by
applying the estimate
∣∣∣1−eiζλiζ ∣∣∣ ≤ λ for 0 ≤ arg ζ ≤ pi12 in conjunction with the dominated
convergence theorem:
lim
→0
gˆ(t, η) = lim
→0+
∫ ∞
0
1− eie2piηλ

d 〈ψt|Eλ(P ) |ψt〉 (4.76)
= −ie2piηPt η ∈ S¯(−1/2, 0) (4.77)
11We should again take an arbitrary sequence n converging to zero and show that for any such sequence
we have convergence to the same limit function. This follows the same logic as above so we do not repeat
it.
12To show this set λζ = t and consider
∣∣(1− eiζλ)/(iζλ)∣∣ = ∣∣(1− eit)/t∣∣ which we have to show is
bounded by 1. Now for real t we have:
∣∣(1− eit)/t∣∣ = 2| sin(t/2)/t| ≤ 1. This later inequality extends, via
the PhragmnLindelf principle, into the t-upper half plane since (1− eit)/it is holomorphic and bounded in
the upper half plane (UHP). There is probably a much easier way to show this.
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Now we move to the full two dimensional complex plane. Define ρ(s) = γ(s, 0) then by
Lemma 6 we know that ρ(s) is holomorphic in the strip s ∈ S(−1/2, 1/2). For real s = t
we have ρ(t) = −iPt from the above considerations. So the following function
γ(s, η)− e2piηρ(s) (4.78)
is holomorphic in the two dimensional complex tube region S(−1/2, 1/2) × S(−1/2, 0)
vanishing along the three dimensional plane Ims = 0. One can then show that this function
must vanish in S(−1/2, 1/2)×S(−1/2, 0) - by considering complex sub-strips at fixed η in
the s-plane where we have a holomorphic function in s vanishing along the real axis, which
by the identity theorem must then vanish in the entire strip. Thus:
γ(s, η) = e2piηρ(s) (s, η) ∈ S(−1/2, 1/2)× S(−1/2, 0) (4.79)
For the bound in (4.73) we can simply take the limit → 0 on the bound in (4.57) and
(4.58).
Our next task is to show that γ and hence ρ are entire functions of z = e−2pis. We
do this by showing that this function is periodic in s → s + 2pii and also by checking its
behavior as s→∞.
Lemma 7. The limit function γ(s, η) is a periodic function in the s-strip s ∈ S(−1/2, 1/2)
for fixed η. Together with the bound (4.73) it follows that ρ is an entire function of e−2pis
and that:
ρ(s) = −i(R+Qe−2pis) (4.80)
where R,Q are real constants satisfying R+Q = Pψ and 0 ≤ R,Q ≤ Pψ.
Proof. To show periodicity we define a new function:
qˆ(s, η) =
1

{
(1− 〈ΓIII(s?, η?)| ψ〉) (s, η) ∈ T III
(1− 〈ψ| ΓIV (s, η)〉) (s, η) ∈ T IV
(4.81)
This function is continuous under the identification of the top and bottom lines in Figure 3
- see the right figure. That is if we identify s = i/2 + t with s = −i/2 + t for fixed
−∞ < t < ∞ and 0 ≤ Imη ≤ 1/2. This can be easily seen from (4.41) and (4.46) after
replacing c′ |Ω〉 → |ψ〉. By the edge of the wedge theorem qˆ is holomorphic across this
identified line. We can also extend the definition of qˆ into TI and TII but we do not need
this here.
Now consider, for (s, η) ∈ TIII :∣∣∣∣qˆ − gˆ + (1− 〈ψ|U−as |ψ〉)
∣∣∣∣ = 1 |(|ψ〉 − |ΓIII〉 , |ψ〉 − U−as |ψ〉)| (4.82)
≤ || |ψ〉 − |ΓIII〉 ||
( || |ψ〉 − U−as |ψ〉 ||

)
(4.83)
≤
√
2Reqˆ
( || |ψ〉 − U−as |ψ〉 ||

)
(4.84)
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where in the last inequality we used the fact that || |ΓIII〉 || ≤ 1 for (s, η) ∈ TIII . We can
compute:
|| |ψ〉 − U−as |ψ〉 ||2
2
=
1 + 〈ψ| e−2P Imas |ψ〉 − 2Re 〈ψ| eiasP |ψ〉
2
(4.85)
→ 〈ψ|P 2 |ψ〉 |e2pi(η−s)|2 (4.86)
where in the last equation we have taken the limit  → 0+ which is indeed finite because
ψ is entire and so has finite fluctuations for P . We conclude from the bound in (4.84)
that the only possible behavior for lim→0+ Reqˆ < ∞ (if it diverged then the left hand
side would diverge quicker and violate the bound.) We have used the fact that all other
quantities except
√
 in (4.84) are finite in the limit → 0+.
So the right hand side of (4.84) vanishes and we can thus compute the limit of this
new function:
lim
→0+
qˆ(s, η) = e
2piη
(
ρ(s) + i 〈P 〉ψ e−2pis
)
(4.87)
uniformly for compact sub-regions of T III and where a similar analysis in T IV yields the
same limit. Since we know that qˆ is holomorphic across the identification t+ i/2 ≡ t− i/2,
it must be true that the limit is also holomorphic across this line (we have not shown
uniform convergence of the limit everywhere across this line, but one can consider e−qˆ
which is bounded on compacts and apply Vitali’s theorem to guarantee the existence of
this limit for compact sets crossing this line.) Our conclusion from (4.87) is that ρ(s)
can be extended to a function that shares this same holomorphy across the identification
t+ i/2 ≡ t− i/2. Since ρ(s) is also holomorphic in the original s-strip −1/2 < Ims < 1/2
we get the desired periodicity.
In light of the bound on γ in (4.73) we write:
γη(z) ≡ γ(s, η) = e2piηρ(s) , z = e2pi(η−s) (4.88)
The bound translates to:
|exp(−γη(z))| ≤
1 , Imz ≥ 0exp(−Im(z) 〈P 〉ψ) ≤ exp(|z| 〈P 〉ψ) Imz ≤ 0 (4.89)
≤ exp
(
|z| 〈P 〉ψ
)
(4.90)
Periodicity under s → s + i tells us that this is an analytic function everywhere in the
complex z plane except maybe at z = 0. However the above bound in a neighborhood of
z = 0 means that this is at worst a “removable singularity”, so we can extend γη(z) to an
analytic function there. We don’t actually need γη(0) in the sequel and here it is sufficient
to know that γη can be extended to an analytic function.
Furthermore the bound (4.90) tells us that e−γη is an entire function of finite order13
at most 1 and which has no zeros. By the Weierstrass/Hadamard Factorization theorem14
13The order of an entire function f(z) is lim supr→∞(log log max|z|=r |f(z)|)/ log r.
14This is the well known fact that an entire function can be determined by its zeros up to an overall
exponential of a polynomial who’s degree is the same as the order of the entire function.
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applied to e−γη we see that γη(z) is a degree 1 polynomial in z at fixed η. The η dependence
is also fixed by the form:
γη(z) = e
2piηρ(s) = −i(Qz +Re2piη) = −ie2piη(R+Qe−2pis) (4.91)
for unknown R,Q. At s = 0 we have R + Q = Pψ. The bound in (4.73) applied in the
upper and lower z planes then gives 0 ≤ Q ≤ Pψ.
In terms of the ANE of the flowed state we have:
Ps = R+ (Pψ −R)e−2pis (4.92)
which proves Lemma 2 for entire states.
4.2 General states
We now aim to finish the proof of Lemma 2 which pertains to general states (with finite
ANE) in the Hilbert space.
Proof of Lemma 2. For a general state ψ we can approximate it by a sequence of entire
states:
|ψn〉 = ZnΠΛn |ψ〉 , Zn = (〈ψ|ΠΛn |ψ〉)−1/2 (4.93)
Consider the flowed null energy:
P (n)s ≡
〈
ψ(n)s
∣∣P ∣∣ψ(n)s 〉 , ∣∣ψ(n)s 〉 = u′(n)s |ψn〉 , s ∈ R (4.94)
u′(n)s = (DΩ : Dψn)
′
s = (∆
′
Ω)
is(∆′Ω|ψn)
−is ∈ A′C (4.95)
we know, that for these states the ANE is finite and takes the form:
P (n)s = Rn +Qne
−2pis 0 ≤ Rn, Qn ≤ P (n)ψ (4.96)
where P
(n)
ψ is the ANE of the projected state. It satisfies:
P
(n)
ψ ≤ ZnPψ (4.97)
and as discussed in (4.6) limits to Pψ as n → ∞. This means that Rn, Qn are bounded
sequences of positive numbers. (Note that Zn converges to 1.)
We need continuity of the modular operators and in particular the co-cycle. It was
shown by Araki (actually combining two of his results; Lemma 4.1 in [42] and Theorem 10
in [53]) that:
lim
n→∞(∆
′
Ω|ψn)
is = (∆′Ω|ψ)
is (4.98)
in the strong operator topology and uniformly on compact subsets of R 3 s.15 We thus
have the following continuity properties of the cocycle:
lim
n
u′(n)s = limn (∆
′
Ω)
is(∆′Ω|ψn)
−is = u′s (4.99)
15 Actually Araki showed this for states Ω̂, ψ̂, ψ̂n that are representatives of Ω, ψ, ψn in a natural positive
cone associated to A′C and some cyclic separating vector. Taking this vector to be Ω and using the fact
that ∆′
Ω|ψ̂n = ∆
′
Ω|ψn , where ψ̂n is related to ψn by some unitary in AC , we have the desired continuity.
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strongly and uniformly on compacts.
We now show that P
(n)
s is lower semi-continuous. Consider the spectral representation:
P (n)s =
∫ ∞
0
λd
〈
ψ(n)s
∣∣Eλ(P )∣∣ψ(n)s 〉 ≥ ∫ Λ
0
λd
〈
ψ(n)s
∣∣Eλ(P )∣∣ψ(n)s 〉 (4.100)
for all Λ > 0. Since the projected operator PΠΛ is bounded we can now take the following
limit on n knowing the right hand side converges:
lim inf
n
P (n)s ≥
∫ Λ
0
λd
〈
ψs
∣∣Eλ(P )∣∣ψs〉 ∀Λ (4.101)
=⇒ lim inf
n
P (n)s ≥ lim
Λ→∞
∫ Λ
0
λd
〈
ψs
∣∣Eλ(P )∣∣ψs〉 = Ps (4.102)
Since we know the left hand side divided by Zn is bounded for all n, and limn Zn = 1, then
lim inf must be finite. This implies that Ps is finite.
We will show that it saturates this bound. We return to our trusty structure function
g(s, η) from the previous sub-section. This function can still be studied for non entire
states, although we have less control over its analytic properties. However here we only
need study it for real s, η or real s, η − i/2.
By using the algebra of modular inclusions one can derive the following identity for
a > 0:
g(s, η) = 〈ψ| (∆′)−isU−a(∆′)is |ψ〉 = 〈ψ| (Dψ : DΩ)′sU−a(Dψ : DΩ)−s∆−isΩ |ψ〉 (4.103)
= 〈ψ|U−a(Dψ : DΩ)−sUa(Dψ : DΩ)′sU−a∆−isΩ |ψ〉 (4.104)
= 〈ψ|U−aXaU−as |ψ〉 , Xa = (Dψ : DΩ)−sUa∆−is (4.105)
where in (4.104) we used the fact that U−a(Dψ : DΩ)−sUa ∈ ACa and so it commutes with
(Dψ : DΩ)′s. We can thus approximate this in the limit → 0 (equivilently a→ 0) using:
|(1− g(s, η))− (1− 〈ψ|U−a |ψ〉)− (1− 〈ψ|U−as |ψ〉)− (1− 〈ψ|Xa |ψ〉)|
≤ | 〈ψ| (1− U−a)Xa(1− U−as) |ψ〉 |
+ | 〈ψ| (1− U−a)(1−Xa) |ψ〉 |+ | 〈ψ| (1−Xa)(1− U−as) |ψ〉 | (4.106)
and:
||(1− U−a) |ψ〉 ||2/a = 2(1− Re 〈ψ|U−a |ψ〉)/a→ 0 (4.107)
||(1− U−as) |ψ〉 ||2/a = 2(1− Re 〈ψ|U−as |ψ〉)/a→ 0 (4.108)
||(1−Xa) |ψ〉 ||2/a ≤ 2(1− Re 〈ψ|Xa |ψ〉)/a = Re(1− g(−s, η − s+ i/2))/a→ 0
(4.109)
where in the later equation we have used X†aXa ≤ 1 by dropping various support projectors.
Using ||Xa|| ≤ 1 we arrive at the limit:
γ(s, η) = −ie2piη(1 + e−2pis)Pψ + γ(−s, η − s+ i/2) (4.110)
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where finiteness of Ps for ψ implies that we still have the following limit
16:
lim
→0
1− g(s, η)

= γ(s, η) = −ie2piηPs (4.111)
and similarly for γ(s, η + i/2). This gives the important constraint:
Ps + e
−2pisP−s = (1 + e−2pis)Pψ (4.112)
Note that this equation is satisfied by the known form of Ps for entire states (4.80). Since the
left hand side of (4.112) is a sum of two positive quantities that are lower semi-continuous
(with respect to the limit on n) and the right hand side is just continuous this implies that
P
(n)
s actually varies continuously with n→∞.
Let us spell this out explicitly. Defining:
An = (P
(n)
s − Ps) Bn = (e−2pisP (n)−s − e−2pisP−s) (4.113)
By lower semi-continuity we have:
lim inf
n
An ≥ 0 lim inf
n
Bn ≥ 0 (4.114)
But from the constraint (4.112) applied to ψ and ψn we have:
0 = lim
n
(An +Bn) ≥ lim inf
n
An + lim inf
n
Bn ≥ 0 (4.115)
using continuity of P
(n)
ψ and super-additivity of lim inf. This implies that separately:
lim inf
n
An = 0 =⇒ lim inf
n
P (n)s = Ps (4.116)
Using the known form of P
(n)
s we find:
Ps = (1− e−2pis) lim inf
n
(Rn) + Pψ s ≥ 0 (4.117)
Now we know this equation is also true for any sub-sequence and since Rn are a bounded
sequence of numbers we can pick a subsequence for which limk Rnk = lim supnRn which
then implies that lim infnRn = lim supnRn = limnRn which we now know must exist. So
we have:
Ps = R+ (Pψ −R)e−2pis R = lim
n
Rn (4.118)
which completes the proof.
16See Corollary 3, where we don’t actually need entire states to prove the existence of the following limit
at real s, η given Ps is finite
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5 Null Energy in the Natural Self-Dual Cone
We aim to prove Lemma 3 in this section. We will firstly establish the statements about
the ANE using entire states. Lower semicontinuity of the expectation values of P is then
sufficient to prove the claim.
Proof. Consider states ψn defined in (4.93) that limit to limψn → ψ. Consider the structure
function q
(n)
 (s, η) defined in (4.81). Now with these entire states we know that the following
limit exists on compact subsets in T¯III ∪ T¯IV
lim
→0
q(n) (s, η) = −ie2piηRn(1− e−2pis) (5.1)
We can write out this structure function explicitly at s = i/2 for 0 ≤ Imη ≤ 1/2:
q(n) (i/2, η) = 〈ψn|Θ′n
1− U−a

(Θ′n)
† |ψn〉 =
〈
ψ̂n
∣∣1− U−a

∣∣ψ̂n〉 (5.2)
where we have used the relation between conjugation cocycles Θ and the states in the
natural self-dual cone (2.48).
That is we can extract the null energy of the state in the natural self-dual cone using
the q structure function. Again using monotone convergence for η = i/4 we can establish
that indeed the ANE is finite here:
P̂n =
〈
ψ̂n
∣∣P ∣∣ψ̂n〉 = 2Rn ≤ 2Pn (5.3)
Now since P is an unbounded positive operator we know that it varies lower semi-continuously
if ψ̂n varies continuously. This can be established more explicitly as we did in the subsection
above. We have the result due to Araki [53]:
||∣∣ψ̂n〉− ∣∣ψ̂〉||2 ≤ ||ρψn − ρψ|| ≤ 2|| |ψn〉 − |ψ〉 || (5.4)
where ρψ(γ) = 〈ψ| γ |ψ〉 is the linear functional on operators in AC . The norm of the linear
functional is:
||ρψn − ρψ|| = sup
γ∈AC ;||γ||≤1
|ρψn(γ)− ρψ(γ)| (5.5)
and we have applied the following inequality to get the last inequality in (5.4)
| 〈ψn| γ |ψn〉−〈ψ| γ |ψ〉 | ≤ |(|ψn〉−|ψ〉 , γ |ψ〉)|+ |(|ψn〉 , γ(|ψn〉−|ψ〉))| ≤ 2||γ|| || |ψn〉−|ψ〉 ||
(5.6)
for normalized vectors. So we have:
|〈ψ̂n∣∣PΠΛ∣∣ψ̂n〉− 〈ψ̂∣∣PΠΛ∣∣ψ̂〉| ≤ 2CΛ||∣∣ψ̂n〉− ∣∣ψ̂〉|| ≤ 2√2CΛ√|| |ψn〉 − |ψ〉 || → 0 (5.7)
where CΛ = ||PΠΛ|| < ∞. So at any fixed Λ we know the projected null energy PΠΛ of
the states in the natural self-dual cone vary continuously.
This implies that the ANE is lower semi-continuous. And since the numbers P̂n are
bounded the limit state must have finite ANE:
2Pψ ≥ lim
n
2Rn ≥ P̂ (5.8)
where we have used the fact that the limit on Rn exists which is something we showed
around (4.118). We are done.
– 34 –
6 From Null Energy to Relative Entropy
In this section we aim to prove Lemma 1. We tried many different approaches to this. The
main difficulty relates to questions of the finiteness of relative entropy. If we were to assume
all the relative entropies are finite in (2.19) then the simplest way to proceed is to use the
so called differentiate formula for relative entropy that involves the Connes cocycle, see for
example Eq. 2 of [13], in combination with the hsmi-algebra. This differentiate formula
is only correct if one knows a priori that the relative entropy is finite [45]. We however
only want to make the assumptions in (2.12) so we need a slightly different approach - in
particular we will rely on (2.17) to define the relative entropy. This later formula gives ∞
iff the relative entropy is infinite and so does not need any further assumptions.
Proof. Firstly we note that by monotonicity S(b2) is finite for all b2 ≥ c and S¯(b1) is finite
for all b1 ≤ c. Consider the following function:
f(s) = 〈ψ|∆−isc (∆′b2)−is |ψ〉 (6.1)
where b2 > c and where we use the shorthand ∆b = ∆ψ|Ω;Ab and ∆
′
b = ∆ψ|Ω;A′b etc. We aim
to use properties of this function to show that S¯(b2) is finite which we have not assumed.
Writing:
f(s) =
(
∆is
?
c |ψ〉 , (∆′b2)−is |ψ〉
)
(6.2)
By Tomita-Takesaki theory these vectors vary holomorphicaly in the strip s ∈ S(0, 1/2)
and are strongly continuous on the closure of the strip such that f(s) is holomorphic in
the strip and continuous on the closure. It also satisfies the bound:
|f(t+ iθ)| ≤ ||∆θc |ψ〉 || ||(∆′b2)θ |ψ〉 || ≤ 1 (6.3)
for 0 ≤ θ ≤ 1/2. For real s we can derive the following relationship:
f(s) = 〈ψ| (∆′c)−isUa(1−e2pis)∆−isb2 |ψ〉 , s ∈ R (6.4)
using (A.51), (A.30) and the algebra of half sided modular inclusions (2.10). We have set
a = b2 − c > 0 and in this section we will not analytically continue a. Note that this
later expression for f(s) also has a continuation to the strip S(0, 1/2) which can be seen
by writing:
fII(s) =
(
(∆′c)
is? |ψ〉 , Ua(1−e2pis)∆−isb2 |ψ〉
)
(6.5)
and the fact that Im(1 − e2pis) < 0 for s ∈ S(0, 1/2) so that the translation operator is a
bounded operator there. In fact these two analytic continuations must be the same. One
way to see this is to show that they have the same values on the top edge of the strip also.
Then via an equivalent integral equation to that discussed in (4.50) these must be the same
analytic functions.
The first expression in (6.1) evaluates at s = t+ i/2 to:
f(t+ i/2) = 〈Ω| (Θ′c)†∆−itc (∆′b2)itΘb2 |Ω〉 (6.6)
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and the second expression (6.5) gives:
fII(t+ i/2) = 〈Ω|Θ†c(∆′c)−itUa(1+e2pit)∆itb2Θ′b2 |Ω〉 (6.7)
Using Ua(1+e2pit) = ∆
−it
Ω;cJΩ;cJΩ;b2∆
it
Ω;b2
which can be derived from (2.10) we can write
fII(t+ i/2) = 〈Ω| JΩ;c′O′c(−t)†Ob2(t)JΩ;b2 |Ω〉 , Ob2(t) ≡ JΩ;b2∆itΩ;b2∆−itb2 JΩ|ψ;b2 (6.8)
and the equivalent expression for O′c(t). The two operators commute: [Ob2(t),O′c(−t)] since
b2 > c which gives:
fII(t+ i/2) = 〈Ω| JΩ|ψ;b2(∆′b2)it∆itc Jψ|Ω;c′ |Ω〉 (6.9)
which is equivalent to f(t+ i/2). We conclude that f(s) = fII(s) for s ∈ S¯(0, 1/2). There
is probably a much simpler way to show this.
Now consider the estimate applied to the second continuation of f ((6.5))∣∣∣(1− f(iθ))− 〈ψ| (1− (∆′c)θ) |ψ〉 − 〈ψ| (1− Vθ) |ψ〉 − 〈ψ| (1−∆θb2) |ψ〉∣∣∣ (6.10)
=
∣∣∣〈ψ| (1− (∆′c)θ)Vθ(1−∆θb2) |ψ〉+ 〈ψ| (1− (∆′c)θ)(1− Vθ) |ψ〉
+ 〈ψ| (1− Vθ)(1−∆θb2) |ψ〉
∣∣∣ (6.11)
≤
∣∣∣〈ψ| (1− (∆′c)θ)Vθ(1−∆θb2) |ψ〉∣∣∣+ ∣∣∣〈ψ| (1− (∆′c)θ)(1− Vθ) |ψ〉∣∣∣
+
∣∣∣〈ψ| (1− Vθ)(1−∆θb2) |ψ〉∣∣∣ (6.12)
where
Vθ = Ua(1−e2piiθ) = exp(−a sin θP ) exp(ia(1− cos θ)P ) (6.13)
Now we can use the following limits:
lim
θ→0+
||(1−∆θb2) |ψ〉 ||2/θ =
(
1− 2 〈ψ|∆θb2 |ψ〉+ 〈ψ|∆2θb2 |ψ〉
)
/θ → 0 (6.14)
lim
θ→0+
||(1− (∆′b)θ) |ψ〉 ||2/θ =
(
1− 2 〈ψ| (∆′c)θ |ψ〉+ 〈ψ| (∆′c)2θ |ψ〉
)
/θ → 0 (6.15)
lim
θ→0+
||(1− Vθ) |ψ〉 ||2/θ =
(
1− 2Re 〈ψ|Vθ |ψ〉+ 〈ψ|V †θ Vθ |ψ〉
)
/θ → 0 (6.16)
where we have used the assumed finiteness of S(b2) and S¯(c) and the resulting existence of
the limit in (2.17) to give the cancelation in (6.14)-(6.15). We have also used the assumed
finiteness of the null energy to compute the limit:
lim
θ→0+
〈ψ| 1− Vθ |ψ〉
θ
= lim
θ→0+
∫ ∞
0
(1− e−iaλ(1−e2piiθ))
θ
d 〈ψ|Eλ(P ) |ψ〉 (6.17)
= lim
θ→0+
ζ
θ
∫ ∞
0
(1− eiaλζ)
ζ
d 〈ψ|Eλ(P ) |ψ〉 = 2piaPψ (6.18)
where we used the estimate
∣∣∣ (1−eiζλ)iζ ∣∣∣ ≤ λ for 0 ≤ arg ζ ≤ pi, which is true for ζ = e2piiθ−1,
and this then allows us to use the dominated convergence theorem in order to pass the
limit inside the integral. A similar analysis yields:
lim
θ→0+
(
1− 〈ψ|V †θ Vθ |ψ〉
)
/θ = 4piaPψ (6.19)
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which then gives the cancelation in (6.16).
We also need the bound on the norm of this operator:
||Vθ|| ≤ 1 (6.20)
which is true for 0 ≤ θ ≤ 1/2. We can now show that each term in the right hand side
(6.12) divided by θ vanishes in the limit. For example:∣∣〈ψ| (1− (∆′c)θ)Vθ(1−∆θb2) |ψ〉∣∣
θ
≤ ||Vθ||
||(1−∆θb2) |ψ〉 ||√
θ
||(1− (∆′c)θ) |ψ〉 ||√
θ
→ 0 (6.21)
and similarly for the other terms. We conclude that:
lim
θ→0
(1− f(iθ))
θ
= S¯(c) + S(b2) + 2piaPψ (6.22)
Now we analyze f(s) from the original definition in (6.1). We have the bound:∣∣∣1− f(iθ)− (1− 〈ψ|∆θc |ψ〉)− (1− 〈ψ| (∆′b2)θ) |ψ〉∣∣∣ = ∣∣∣(|ψ〉 −∆θc |ψ〉 , |ψ〉 − (∆′b2)θ |ψ〉)∣∣∣
≤
(
1− 2 〈ψ|∆θc |ψ〉+ 〈ψ|∆2θc |ψ〉
)1/2 (
1− 2 〈ψ| (∆′b2)θ |ψ〉+ 〈ψ| (∆′b2)2θ |ψ〉
)1/2
(6.23)
≤
(
2− 2 〈ψ|∆θc |ψ〉
)1/2 (
2− 2 〈ψ| (∆′b2)θ |ψ〉
)1/2
(6.24)
where we used the bound 〈ψ|∆2θc |ψ〉 ≤ 1 valid for 0 ≤ θ ≤ 1/2. Let us define:
A =
1− 〈ψ|∆θc |ψ〉
θ
B =
1− 〈ψ| (∆′b2)θ |ψ〉
θ
C =
1− Ref(iθ)
θ
(6.25)
we need to show show that the limit θ → 0 is finite for B knowing that the same limit for
A,C are finite. Note that all A,B,C are non negative. The bound in (6.24) translates to:
|C −A−B| ≤ 2
√
AB (6.26)
where it is already clear that the limit on B has to be finite. Slightly more explicitly we
can translate this bound into:
|
√
C −
√
A| ≤
√
B ≤
√
C +
√
A (6.27)
We know that B behaves well under limits (the limit always exists but could be ∞), due
to the monotonicity property as a function of θ of the spectral integral that defines B.
This was discussed around (2.17). So the bound above and finiteness of the limits for C,A
imply that the limit on B exists and is equal to:
lim
θ→0+
B = S¯(b2) <∞ (6.28)
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Knowing this we can improve the bound using (6.23) instead, where we now find that the
right hand side of (6.23) vanishes in the limit and thus limθ→0+(C−A−B) = 0 such that:
S¯(b2) + S(c) = lim
θ→0+
C = S¯(c) + S(b2) + 2piaPψ (6.29)
This is the relation we wanted to establish, at least for b1 = c. We have also established
that S¯(b2) <∞ for all b2. We can repeat the above analysis for (c, b2)→ (b1, c) with b1 < c
to conclude that S(b1) < ∞ for all b1 (switching the roles of A ↔ B above.) Finally we
can extend the relation (2.19) to any b1, b2 by using our newfound knowledge that all the
relative entropies are finite which allows us to apply the above discussion more generally.
The continuity property of S(b) follows since S¯(b) is monotonic so:
|S(b1)− S(b2)| ≤ 2piPψ|b1 − b2| (6.30)
which is the definition of Lipschitz continuous.
7 Discussion
We end with a discussion of some loose ends and also some possible directions for future
work.
While our discussion of relative entropy in the flowed and natural cone states is very
general there was still one main assumption which was the requirement of finite Pψ for the
input state (or for some possible purification.) Technically this assumption was necessary
since it allowed us to extrapolating our results (Lemma 2-3) for entire states to more
general states. It is natural to ask if we can relax this condition. Since we are discussing
bounds on relative entropy (for the outer/unprimed region) in the first place the relative
entropy must always be finite - does this imply that the state in the natural cone has finite
null energy? This is not obvious to us either way. The finiteness of relative entropy for
the “outer region” might remove possible IR issues and it seems we have dealt with any
possible UV issues at the entangling cut in this paper. It is possible that a more thorough
study of the structure function q could answer this question either way. It is also possible
that the results in [57] can be used for similar purposes - it would be interesting to explore
this moving forwards.
7.1 Possible Relations to Recovery Maps
A starting point for this work was an attempt to apply recent results in quantum infor-
mation theory [30, 31] which, from a very simple minded perspective, give strengthening’s
of the monotonicity property of relative entropy or as it is known in this work - the data
processing inequality. This body of work aims to find a best guess for the inverse of the
action of a noisy quantum channel N (completely positive trace preserving map) on some
density matrices ρ, ω. This best guess, or recovered state, is an important ingredient in
the strengthened version of monotoncity. In terms of density matrices ρ and ω the data
processing inequality is:
S(ρ||ω)− S(N [ρ]||N [ω]) ≥ 0 (7.1)
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We consider the special case in which the completely positive map is associated to an inclu-
sion of algebras. We will model this for now with Hilbert spaces that are finite dimensional
with the factorization HA = HB ⊗HC and where the quantum channel is simply a partial
trace over C. This is not actually appropriate in QFT, since the algebra’s have type-III
factors, however the results in [31] were not worked out in this more general setting. In-
stead we will simply try to use these formulas to guess how it might translate into the
QFT case. We consider the density matrices ρA and ωA that come from global pure states
|ψ〉 , |Ω〉 respectively.
Consider the improved monotonicity inequality proven in [31] which will be the main
ingredient of our discussion:
S(ρA||ωA)− S(ρB||ωB) ≥ −2pi
∫ ∞
−∞
ds(cosh(2pis) + 1)−1 log
{F(ρA,Rsω,N ◦ N [ρA])} (7.2)
The noisy channel denoted by N (partial trace over C), the approximate recovery map R,
and the fidelity between the original and the recovered state F have the following form:
N (ρA) = TrC ρA = ρB
Rsω,N ◦ N (ρA) = ρR = ω−is+1/2A
(
ω
is−1/2
B ρBω
−is−1/2
B ⊗ 1C
)
ω
is+1/2
A
F(ρA, ρR) =
[
Tr
√
ρ
1/2
A ρRρ
1/2
A
]2 (7.3)
The s = 0 case above is known as the Petz map [45, 58, 59]. Consider the expectation
values of operators in this recovered state:
TrARs(TrC(ρA)OA) = TrB ρB(Rs)†(OA) = 〈ψ| (Rs)†(OA) |ψ〉 (7.4)
where the adjoint of the recovery map is defined with respect to the matrix inner product:
TrM †1M2. To translate these results into QFT we firstly write them in terms of modular
operators. We can represent these here as operators on matrices. One can write the adjoint
recovery map at s = 0 in the form:
L(R0)†(OA) = JBV†JALOAJAVJB (7.5)
where we have defined the following operators on matrices:
LX(M) = XM RX(M) = MX JA(MA) = M
†
A JB(MB) = M
†
B (7.6)
V† = R
ω
−1/2
B
NR
ω
1/2
A
(7.7)
For non-zero s we simply include modular flow:
(Rs)†(OA) = σB−s((R0)†(σAs (OA))) (7.8)
where σAs (OA) = ω
is
AOAω
−is
A etc. Note that:
V(LOBω1/2B ) = LOB⊗1Cω1/2A (7.9)
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and in this form represents an isometric embedding of the Hilbert spaces of matrices
V : End(HB) → End(HA) commuting with the action of the algebra LOB . Note that
ω
1/2
B , ω
1/2
A should be interpreted as vectors in the Hilbert space of matrices represent certain
purifications of the “vacuum” state. When we pass to QFT we should replace ω
1/2
B → |Ω〉
and ω
1/2
A → |Ω〉 both on the same Hilbert space and the isometric embedding V becomes
trivial. The resulting recovery map at s = 0 is well known [58–60] and in fact von Neumann
algebras was the original setting where Petz studied this.
Putting this together we get the following adjoint recovery map appropriate for QFT:
(Rs)†(OA) = σB−s(JBJAσAs (OA)JAJB) (7.10)
We can now apply the theory of half-sided modular inclusions (2.10):
(Rs)†(OA) = Ua(1+e2pis)OAU−a(1+e2pis) (7.11)
where a is the null translation between null cuts A and B. Passing back to the Schrodinger
picture the appropriate recovered state on the full QFT Hilbert space is simply:
U−a(1+e2pis) |ψ〉 (7.12)
Now the improved bound in (7.2) tells us to find the fidelity of this state with |ψ〉 when
restricted to the algebra A. The fidelity in the general von Neumann setting was defined
by Uhlmann [61] as:
FA(ψ,U−a(1+e2pis)ψ) ≡ sup
u′A
∣∣〈ψ|u′AU−a(1+e2pis)|ψ〉∣∣ (7.13)
We would like to be able to compute this in the limit a → 0. This is a hard task that we
do not solve generally.
However in the limit of large subsystem size for both A and B we can make progress.
In this case the difference of relative entropies approaches the ANE. This can be seen from
the sum rule (2.19) since we should take the complement relative entropies to vanish when
the complement regions are pushed far away.
We want to get a simplified expression for the recovery bound. In this approximation,
the expression for fidelity in (7.13) becomes the square of the transition amplitude between
the two pure states:
FA(|ψ〉 ,Rs(|ψ〉))→
∣∣∣〈ψ| e−ia(1+e2pis)P |ψ〉∣∣∣2 (7.14)
The bound on monotonicity can be further simplified with the coordinate transformation
y = a(1 + e2pis) and the identity −2pi(cosh(2pis) + 1)−1 = 2∂s( 1e2pis+1). This gives rise to
the following inequality:
〈ψ|P |ψ〉 ≥ − 2
pi
∫ ∞
a
dy
1
y2
log
∣∣〈ψ| e−iyP |ψ〉∣∣ (7.15)
We can do this later integral:
− piI =
∫ ∞
a
dy
1
y2
log 〈ψ| eiyP |ψ〉+
∫ ∞
a
dy
1
y2
log 〈ψ| e−iyP |ψ〉 (7.16)
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by sending y → −y in the second integral after which we can combine the integrals and
deform the contour to give:
I =
∫ a
−a
dy
1
pi(y + i)2
log 〈ψ| eiyP |ψ〉 (7.17)
and we have dropped a contribution from large y in the UHP which is justified since the
wavefunction overlap is bounded (by 1) there.
The argument of the logarithm can be expanded. Up to first order in a, this integral
is
I = 〈ψ|P |ψ〉 − a
pi
(〈ψ|P 2 |ψ〉 − 〈ψ|P |ψ〉2) +O(a3) (7.18)
We see that ANE is saturated by the bound from recovery map if we take A to be the
whole region. The improved bound on monotonicity becomes the (trivial) statement that
the variance of the ANE is positive:
a
pi
(
〈ψ|P 2 |ψ〉 − 〈ψ|P |ψ〉2
)
≥ 0 (7.19)
We can compare this to other recovery maps, for example [30] where we do not find satu-
ration:
S(ρA||ωA)− S(ρB||ωB) ≥ − log
{
sup
s∈R
F(ρA,Rsω,TrC ◦ TrC [ρA])
}
≥ − log
{
sup
s∈R
∣∣〈ψ|U−a(1+e2pis) |ψ〉∣∣2} = − log{|〈ψ|U−a |ψ〉|2}
(7.20)
and in the later step we have assumed the largest overlap comes from the smallest trans-
lation. Expanding this fidelity, we see that the lowest order term is quadratic:
S(ρA||ωA)− S(ρB||ωB) ≥ a2(〈ψ|P 2 |ψ〉 − 〈ψ|P |ψ〉2) (7.21)
which is not as tight as the bound in (7.2).
This result has led us to conjecture that this saturation of the bound (7.2) in the limit
a → 0 continues to hold if we do not make the large subsystem size approximation. For
example it might be that the purifications that we worked with for the most of this paper,
which involve the more complicated state dependent relative modular flows, might play
a role in estimating the fidelity in (7.13). Perhaps the methods of non-commutative Lp
spaces [57, 62, 63] will be important for this. We suspect this could be the case since the
original proofs of the strengthened inequalities relied on the finite quantum system version
of these Lp spaces.
If this conjecture is true then it would be fascinating to compute the leading quadratic
correction as a→ 0 and see what replaces (7.19).
7.2 Other future directions
We suspect that these methods might lead to new and improved bounds compare to the
QNEC. For example if the recovery map story above works out then moving to second
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order in the limit a → 0 could result in new bounds. It would also be nice to try to
work out a story away from the robust confines of Rindler cuts. In more general curved
spacetimes there may be no natural vacuum state to work with in order compute relative
entropies. However an approximate vacuum near the cut might do the job and this is
especially interesting if we only go after the QNEC which is a somewhat local constraint.
Perhaps it is local enough to not care about the details of the state one should compare to.
Potential other targets for these results include a possible algebraic approach to the
statement of QNEC saturation [64]. This is a statement about the second functional
variation of relative entropy and its vanishing for the diagonal/contact piece that appears in
this variation. This was shown originally in holographic theories [64] and then for theories
with a twist gap in [65]. The distinctive behavior of free theories, where saturation is
absent, might make one suspect the algebraic approach is not suitable for this question.
However we are still optimistic that there might be a story here.
It would also be interesting to put various applications of the ANEC [66] and the
QNEC [67] through these modular flow “filters” and see what happens. For example it
would be fascinating to see what becomes of the BMS algebra uncovered in [68] under the
action of relative modular flow.
Finally it is important to uncover the AdS/CFT dual of these statements. Likely the
methods studied in [69, 70] and [71, 72] would be useful here.
A Relative modular operator
In this appendix we collect various formula related to the relative modular operator. We are
particularly interested in defining these objects when the vector states are not necessarily
cyclic and separating. These considerations are standard and can be found in the Appendix
of [43]. W e warn the reader that we have a different convention for labeling our S and
∆ relative modular operators - the state labels are switched. This convention was used in
[55] and we stick with this.
Take ψ to not be cyclic and separating. This means that there could be some α ∈ A
such that α |ψ〉 = 0 (not separating) and also that A |ψ〉 may generate a proper subspace
of H instead of the full Hilbert space (not cyclic). To describe this situation we define
support projections as the minimal projectors that satisfy:
sA(ψ) |ψ〉 = |ψ〉 sA(ψ) ∈ A (A.1)
sA
′
(ψ) |ψ〉 = |ψ〉 sA′(ψ) ∈ A′ (A.2)
An equivalent definition follows from finding the projector onto the following subspaces:
[A′ |ψ〉] = pi(ψ)H ⊂ H (A.3)
[A |ψ〉] = pi′(ψ)H ⊂ H (A.4)
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These are seen to be equivalent as follows. Firstly the pi(ψ) commutes with A′ since for
arbitrary state |φi〉 ∈ H and for all α′ ∈ A′:
〈φ1|
[
piA(ψ), α′
] |φ2〉 = 〈χ1|α′ |φ2〉 − 〈φ1|α′ |χ2〉 (|χi〉 = pi(ψ) |φi〉) (A.5)
= 〈χ1|α′ |χ2〉 − 〈χ1|α′ |χ2〉 = 0
(
α′ |χi〉 = pi(ψ)α′ |χi〉
)
(A.6)
so pi is in A. Secondly it is the minimal such projector leaving ψ invariant since if it were
not there would be another projector pi2 ∈ A with pi2H ⊂ pi(ψ)H which also leaves invariant
the subspace: [
A′ |ψ〉] = [A′pi2 |ψ〉] = pi2 [A′ |ψ〉] (A.7)
such that pi2H ⊂ pi(ψ)H = pi2pi(ψ)H ⊂ pi2H implying that pi2 = pi(ψ). Thus pi = sA and
similarly for the commutant.
Note that if pi(ψ) is not the unit operator, then ψ is not cyclic for A′ and (1 − pi(ψ))
annihilates ψ which means that ψ is not separating for A. That is the lack of either of
these two properties exchange under A ↔ A′.
We now move to the modular operators. We will consider two state ψ, φ neither
of which needs to be cyclic and separating. We start with the definition of the Tomita
operators:
Sψ|φ
(
α |ψ〉+ ∣∣χ′〉) = pi(ψ)α† |φ〉 ∀ χ′ ∈ (1− pi′(ψ))H (A.8)
Sφ|ψ
(
α |φ〉+ ∣∣ξ′〉) = pi(φ)α† |ψ〉 ∀ ξ′ ∈ (1− pi′(φ))H (A.9)
for α ∈ A. Note that, for the first equation above, if both α |ψ〉 = 0 and |χ′〉 = 0 vanish
then α[A′ |ψ〉] = 0 =⇒ pi(ψ)α† = 0 so 0 is mapped to 0 as is necessary for a linear
operator. The Tomita operators are closable as defined and we will use the same symbol
for the closure as the original operator. The support of these operators is:
supp(Sψ|φ, S
†
φ|ψ) = pi
′(ψ)pi(φ)H supp(Sφ|ψ, S†ψ|φ) = pi(ψ)pi′(φ)H (A.10)
Applying the definitions twice we have:
Sψ|φSφ|ψ = pi(ψ)pi′(φ) (A.11)
Sφ|ψSψ|φ = pi′(ψ)pi(φ) (A.12)
For the commutant algebra we have:
S′ψ|φ
(
α′ |ψ〉+ |χ〉) = pi′(ψ)(α′)† |φ〉 ∀ χ ∈ (1− pi(ψ))H (A.13)
S′φ|ψ(α
′ |φ〉+ |ξ〉) = pi′(φ)(α′)† |ψ〉 ∀ χ ∈ (1− pi(φ))H (A.14)
for α′ ∈ A′ with support that is complementary to (A.10). And similar equations hold for
the commutant as in (A.11). Now consider:(
β′ |ψ〉+ |χ〉 , Sψ|φ
(
α |ψ〉+ ∣∣χ′〉)) = (β′ |ψ〉+ |χ〉 , pi(ψ)α† |φ〉) (A.15)
=
(
β′ |ψ〉 , α† |φ〉
)
=
(
α |ψ〉 , (β′)† |φ〉
)
=
(
α |ψ〉+ ∣∣χ′〉 , pi′(ψ)(β′)† |φ〉) (A.16)
=
(
α |ψ〉+ ∣∣χ′〉 , S′ψ|φ (β′ |ψ〉+ |χ〉)) (A.17)
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which means that (because the above states are dense on the appropriate support)
S′ψ|φ = S
†
ψ|φ , S
′
φ|ψ = S
†
φ|ψ (A.18)
where the later equation follows a similar analysis.
We move now to the relative modular operators. Consider the positive self adjoint
operators:
∆ψ|φ = S
†
ψ|φSψ|φ ∆φ|ψ = S
†
φ|ψSφ|ψ (A.19)
with support
supp(∆ψ|φ) = pi′(ψ)pi(φ)H supp(∆φ|ψ) = pi(ψ)pi′(φ)H (A.20)
For the commutant algebra we learn that:
∆′ψ|φ = (S
′
ψ|φ)
†S′ψ|φ = Sψ|φS
†
ψ|φ =⇒ ∆′ψ|φ∆φ|ψ = pi(ψ)pi′(φ) (A.21)
∆′φ|ψ = Sφ|ψS
†
φ|ψ =⇒ ∆′φ|ψ∆ψ|φ = pi′(ψ)pi(φ) (A.22)
We can define powers of the modular operators ∆zψ|φ etc. to be zero when acting on
(1−pi′(ψ)pi(φ))H and to be the usual power when acting on the support of ∆ψ|φ which for
example means that ∆0ψ|φ = pi
′(ψ)pi(φ). So for example we have:
(∆′ψ|φ)
z∆−zφ|ψ = pi(ψ)pi
′(φ) (A.23)
Furthermore we can apply polar decompositions to the Tomita operators, where the anti-
linear part is not unitary, but rather a partial anti-linear isometry with the support and
range of the Tomita operators:
Sψ|φ = Jψ|φ∆
1/2
ψ|φ etc (A.24)
where:
J†ψ|φJψ|φ = pi
′(ψ)pi(φ) Jψ|φJ
†
ψ|φ = pi(ψ)pi
′(φ) (A.25)
J†φ|ψJφ|ψ = pi(ψ)pi
′(φ) Jφ|ψJ
†
φ|ψ = pi
′(ψ)pi(φ) etc (A.26)
(with appropriate support and range.) Plugging back into the Tomita operators and (A.19)
we have:
Jψ|φ∆
1/2
ψ|φJφ|ψ∆
1/2
φ|ψ = pi(ψ)pi
′(φ) =⇒ Jψ|φJφ|ψ(J†φ|ψ∆
1/2
ψ|φJφ|ψ) = ∆
−1/2
φ|ψ (A.27)
which by the uniqueness of the polar decomposition implies that:
Jψ|φJφ|ψ = pi(ψ)pi′(φ) Jψ|φ = J
†
φ|ψ Jψ|φ∆
1/2
ψ|φJφ|ψ = ∆
−1/2
φ|ψ (A.28)
where the last equation implies that:
Jψ|φ∆isψ|φ = ∆
is
φ|ψJψ|φ (A.29)
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by the anti-linearity of J .
For the complement we use (A.18) to derive:
J ′ψ|φ = Jφ|ψ (∆
′
ψ|φ)
z = ∆−zφ|ψ (A.30)
In order to understand relative modular flow and co-cycles we have to apply the Connes
2×2 or 3×3 trick which we present here in a vector language. Consider the Hilbert space:
Htot = HL ⊗HR ⊗HQFT (A.31)
whereHL,R are both simple n-dimensional qunit Hilbert spaces with basis |i〉 ; i = 0, 1, . . . , n−
1. In this Hilbert space we consider the state:
|Ψ〉 =
n∑
i=1
1√
n
|iLiR〉 ⊗ |φi〉 (A.32)
where |φi〉 are vector states in the QFT Hilbert space that need not be cyclic and separating.
We will actually consider the state as living in the subspace projected by the support
projectors of the states φi:
H˜ = [|iLjR〉 ⊗ pi′(φi)pi(φj)HQFT : i, j = 0, 1, . . . n− 1] ⊂ Htot (A.33)
where the square brackets means the linear span. We now consider the algebra of operators
acting on this new Hilbert space:
γ ∈ A : γ =
∑
ij
1L ⊗ (|i〉 〈j|)R ⊗ cij cij ∈ pi(φi)Api(φj) (A.34)
The commutant is:
γ′ ∈ A′ : γ′ =
∑
ij
(|i〉 〈j|)L ⊗ 1R ⊗ c′ij c′ij ∈ pi′(φi)A′ pi′(φj) (A.35)
and Φ is cyclic and separating for these algebras after we project to the subspace H˜. The
generalized Tomita operator is:
Sγ |Ψ〉 = γ† |Ψ〉 (A.36)
from which one finds:
S =
∑
ij
|jLiR〉 〈iLjR| ⊗ S˜i|j , S˜i|jcji |φi〉 = c†ji |φj〉 (A.37)
Note that this later Tomita operator acts between Hilbert spaces:
S˜i|j : pi′(φi)pi(φj)HQFT → pi′(φj)pi(φi)HQFT (A.38)
We can relate this to our original definition of the Tomita operators by passing back to the
original unprojected Hilbert spaces setting cji = pi(φj)αpi(φi):
S˜i|jpi(φj)α |φi〉 = pi(φi)α† |φj〉 (A.39)
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We can lose the pi(φj) on the left hand side since the orthogonal part is killed on the right
hand side anyway. Or in other words we can extend the definition S˜i|j to the larger Hilbert
space consistent with the right hand side by dropping this projector and also demanding:
Si|jα |φi〉 = pi(φi)α† |φj〉 (A.40)
Si|j(1− pi′(φi))HQFT = 0 (A.41)
which is the same definition we gave for i = ψ and j = φ in (A.8).
The modular operator for the n× n Hilbert space is:
∆ = S†S =
∑
ij
|iLjR〉 〈iLjR| ⊗ ∆˜i|j , ∆˜i|j = S˜†i|jS˜i|j (A.42)
and the modular conjugation operator is:
J =
∑
ij
|jLiR〉 〈iLjR| ⊗ J˜i|j S˜i|j = J˜i|j∆˜1/2i|j (A.43)
where J2 = 1, J∆J = ∆−1. The projected modular operators act between the following
Hilbert spaces:
∆˜i|j : pi′(φi)pi(φj)HQFT → pi′(φi)pi(φj)HQFT (A.44)
J˜i|j : pi′(φi)pi(φj)HQFT → pi′(φj)pi(φi)HQFT (A.45)
and can be extended to HQFT as we did with the Tomita operators.
We now apply the results of Tomita-Takesaki theory to these new modular operators.
That is we know that A = ∆isA∆−is and A′ = JAJ. Computing:
∆isγ∆−is =
∑
k
∑
ij
(|k〉 〈k|)L ⊗ (|i〉 〈j|)R ⊗ ∆˜isk|icij∆˜−isk|j (A.46)
JγJ =
∑
k
∑
ij
(|i〉 〈j|)L ⊗ (|k〉 〈k|)R ⊗ J˜k|icij J˜j|k (A.47)
This is only consistent with the form of the algebra given in (A.34) if we have:
∆˜isk|icij∆˜
−is
k|j ∈ pi(φi)Api(φj) , cij ∈ pi(φi)Api(φj) (A.48)
and the flowed operator is the same operator for all k. Extending these statements to the
full Hilbert space by setting the flowed and conjugated operators to zero away from the
support we find that:
∆isk|iα∆
−is
k|j ∈ Api′(φk) , α ∈ A (A.49)
where we are forced to add pi′(φk) so that it vanishes away from this support. For example
this is consistent with s → 0 where we find pi(φi)αpi(φj)pi′(φk). Note that we can pick α
in A rather than the projected algebra since the modular operators above anyway apply
this projection. Note the flowed operator is now marginally not independent of k due to
pi′(φk).
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If we set i = j this defines the standard modular automorphism group but now for a
non-cyclic and separating vector:
∆isi α∆
−is
i = σ
φi
s (α)pi
′(φi) , σφis (α) = ∆
is
Ω|iα∆
−is
Ω|i (A.50)
where in the later equation we have used a cyclic and separating vector Ω to define this
flow.
For α = 1 we can define the operator in A that is independent of k as the co-cycle:
∆isk|i∆
−is
k|j ≡ (Dφi : Dφj)spi′(φk) , (Dφi : Dφj)s ∈ A (A.51)
which can be extracted by picking φk to be a cyclic and separating vector. The co-cycle
satisfies:
(Dφi : Dφj)
†
s = (Dφj : Dφi)s (A.52)
(Dφi : Dφj)
†
s(Dφi : Dφj)s = σ
φi
s (pi(φj)) (A.53)
(Dφi : Dφj)s(Dφi : Dφj)
†
s = σ
φj
s (pi(φi)) (A.54)
where the right hand side of the later two equations are projection operators if [pi(φi), pi(φj)] =
0 which means that for states with commuting support projectors the co-cycle is a partial
isometry.
There is the following relation on triples of the co-cycle:
(Dφ1 : Dφ2)s(Dφ2 : Dφ3)s = (Dφ1 : Dφ3)s if
pi(φ1)pi(φ2) = pi(φ1) or
pi(φ2)pi(φ3) = pi(φ3)
(A.55)
where the later conditions on the projectors can be guaranteed by demanding:
pi(φ1)H ⊂ pi(φ2)H or pi(φ3)H ⊂ pi(φ2)H (A.56)
Similary for the modular conjugation operators we have:
J˜k|icij J˜j|k ∈ pi′(φi)A′pi′(φj) , cij ∈ pi(φi)Api(φj) (A.57)
which extends to the HQFT in the usual way with:
Jk|iαJj|k ∈ A′pi(φk) , α ∈ A (A.58)
and where apart from the projector pi(φk) this is the same operator independent of k. We
define the non relative modular conjugation action as:
JiαJi = j
φi(α)pi(φi) , j
φi(α) = JΩ|iαJi|Ω (A.59)
The equivalent of the co-cycles are the following linear operators:
Jk|iJj|k = Θ′i|jpi(φk) , Θ
′
i|j ∈ A′ (A.60)
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which satisfies:
(Θ′i|j)
† = (Θ′j|i) , (Θ
′
i|j)
†(Θ′i|j) = j
φj (pi(φi)) , (Θ
′
i|j)(Θ
′
i|j)
† = jφi(pi(φj)) (A.61)
where this is then a partial isometry if [pi(φi), pi(φj)] = 0.
For example if we specify that φi = Ω, cyclic and separating, and φj = ψ we find that:
JΩJψ|Ω = Θ′Ω|ψ , (Θ
′
Ω|ψ)
†(Θ′Ω|ψ) = pi
′(ψ) , (Θ′Ω|ψ)(Θ
′
Ω|ψ)
† = JΩpi(ψ)JΩ (A.62)
where the support of this operator is: supp(Θ′Ω|ψ) = pi
′(ψ)H and supp(Θ′Ω|ψ)† = JΩpi(ψ)JΩH.
We also have the useful relations:
Jψ|Ω = JΩΘ′Ω|ψ JΩ|ψ = (Θ
′
Ω|ψ)
†JΩ Jψ = (Θ′Ω|ψ)
†JΩΘ′Ω|ψ (A.63)
There is also a triple relation:
Θ′1|2Θ
′
2|3 = Θ
′
1|3 if
pi(φ1)pi(φ2) = pi(φ1) or
pi(φ2)pi(φ3) = pi(φ3)
(A.64)
where again this later condition can be achieved only under the conditions specified for the
support projectors.
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